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In this thesis, a detailed description of acoustic cloaking is put forth using a
coating consisting of discrete layers, enabling the cancellation of the scattered field
around the object. This particular approach has previously only been applied to
electromagnetic waves, for which it was observed that cloaking could be achieved
using isotropic materials over a finite bandwidth. The analysis begins with a presen-
tation of the theoretical formulation, which is developed using classical scattering
theory for the scattered acoustic field of an isotropic sphere coated with multiple
layers. Unlike previous works on acoustic scattering from spherical bodies, the cri-
teria for acoustic cloaking is that the scattered field in the surrounding medium
be equal to zero, and seeking a solution for the layer properties which achieve this
condition.
To effectively investigate this situation, approximate solutions are obtained
by assuming either quasi-static limits or thin shells, which provide valuable insight
into the fundamental nature of the scattering cancellation. In addition, using these
approximate solutions as a guide, exact numerical solutions can be obtained, en-
abling the full dynamics of the parameter space to be evaluated. Based on this
v
analysis, two distinct types of acoustic cloaking were found: a plasmonic cloak and
an anti-resonance cloak.
The plasmonic cloak is a non-resonant type of cloak, named plasmonic be-
cause of its analogous behavior to the non-resonant cloak observed in electromag-
netic waves which utilizes plasmonic materials to achieve the necessary properties.
Due to the non-resonant behavior, this type of cloak offers the possibility of a much
broader range of cloaking. To expand this design beyond wavelengths on the order
of the uncloaked scatterer, multilayered cloak designs are investigated.
The anti-resonance cloak, as the name suggests, uses the anti-resonances
of the modes within the cloaking layer to supplement the non-resonant plasmonic
cloaking of the scattered field. Although somewhat more limited in bandwidth due
to the presence of anti-resonances (and the accompanying resonances), this type of
cloak enables a larger reduction in the scattering strength, compared with using a
single elastic layer utilizing only non-resonant cloaking. A thorough investigation
of the design space for a single isotropic elastic cloaking layer is performed, and the
necessary elastic properties are discussed.
The work in this thesis describes the investigation of the theoretical for-
mulation for acoustic cloaking, expanding upon the use of scattering cancellation
previously developed for the cloaking of electromagnetic waves. This work includes
a detailed look at the different physical phenomena, including both resonant and
non-resonant mechanisms, that can be used to achieve the necessary scattering can-
cellation and which can be applied to a wide range of scattering configurations for
which cloaking would be desirable. In addition to laying out a broad theoretical
foundation, the use of limiting cases and practical examples demonstrates the effec-
tiveness and feasibility of such an approach to the acoustic cloaking of a spherical
object.
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Chapter 1
Introduction
For many years, the concept of cloaking has been a prevalent theme in sci-
ence fiction and popular culture, from Start Trek to Harry Potter. The traditional
approach taken by scientists and engineers to hide an object has been to apply an
absorptive coating, thereby reducing the amount of energy reflected back to the
source. Absorption alone, however, is limited by the physical properties of available
lossy materials, and to compensate for this can require significantly increasing the
thickness of the coating. Due to practical limitations in terms of size and weight,
these absorptive layers are often not sufficient to eliminate the electromagnetic or
acoustic ‘visibility’ due to the scattering from the object. Furthermore, even a per-
fect absorber casts a shadow, which can provide a means of detection. It has not
been until more recently that the topic of cloaking has received serious attention
from the scientific community. This research has been driven by theoretical works
describing how waves could be effectively bent around an object, or alternatively,
by applying a coating to the object which effectively cancels the scattered field.
1.1 Thesis objectives
The objective of this thesis is to investigate the physical parameters nec-
essary for, and the feasibility of, designing an acoustic cloak using a scattering
cancellation approach for an elastic sphere using fluid and elastic layers. To achieve
this objective, two fundamental questions will be addressed throughout this work:
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1. How can the acoustic field scattered from a spherical object be significantly
reduced or cancelled?
2. How can a realizable cloak be achieved?
To address the first question, a thorough analysis of the existing body of
scientific literature is required. For the case of acoustic cloaking, this includes pre-
vious approaches to cloaking, including both electromagnetic (EM) waves and those
involving acoustic waves in fluids and elastic solids. To gain a deeper understanding
also requires a detailed look at the fundamental physics of scattering from spherical
elastic bodies. With this foundation, the investigation of how the scattered acoustic
field can be eliminated and the relevant physical parameters needed to accomplish
this can be determined.
To address the second question, the relevant cloaking parameters will need
to be considered. In particular, it is important to account for elastic effects, which
are inherent to any practical acoustic structure. Although the elastodynamics of
a submerged spherical body will lead to significantly increased complexity, thereby
limiting the ability to obtain explicit analytic solutions, except for some limiting
cases or specific examples. It is important to be mindful of how these particular
cases fit into the broader context of acoustic cloaking, and therefore the solutions will
be developed in the most generalized manner possible. Even when it is impractical
or impossible to express the configurations explicitly, exact systems of equations
can be solved numerically to determine the results in these instances. In fact, under
some circumstances for which approximate solutions can be obtained, it will still be
necessary to solve for the exact solution to precisely determine the effectiveness of
a particular cloak design.
2
1.2 Thesis overview
The chapters which follow have been laid out to address the objectives and
research questions put forth in the previous section, and to convey the information
in as clear a manner as possible. This process begins with a background on the basic
theory and current approaches to cloaking, presented in Chapter 2. This includes
approaches which have showed promise for EM or acoustic waves, examining how
they work and identifying the potential limitations and challenges associated with
each method.
To supplement this understanding of acoustic cloaking, a detailed formula-
tion for the acoustic scattering from a submerged coated elastic sphere is developed
in Chapter 3. Although classical scattering concepts have been studied extensively
for over half a century, the vast majority of these works have focused on determining
the scattered field for a given geometry and material properties, and the determina-
tion of distinctive features based on these results which can enable identification of
the object [1]. Rather than using the scattered acoustic field for identification, the
more recent concept of scattering cancellation developed for EM cloaking is applied,
in which the scattered field in the surrounding medium is prescribed to be zero.
Thus, instead of asking what coated objected caused this acoustic scattering?, the
novel question considered here is what sort of coatings can produce zero or minimal
acoustic scattering?.
The general formulations developed in Chapter 3 are analyzed in detail for
particular configurations in Chapters 4, 5 and 6, presented in order of increasing
complexity. In Chapter 4, the case of a submerged sphere coated with a single layer is
investigated. Even in this simplest of cases, determining exact explicit expressions
for the required cloaking layer properties is not feasible. Therefore, approximate
solutions are developed for two different scenarios: (i) quasi-static limit, and (ii)
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thin shells relative to the wavelength of the incident sound. Based on these results,
the effects of using a fluid or an isotropic elastic solid as a cloak is examined, for the
cloaking of both fluid and elastic spheres. Chapter 5 presents a means to increase
the effectiveness of the single layer cloak presented in Chapter 4. To do this, shear-
wave anti-resonances within an isotropic elastic cloaking layer are used to increase
the reduction in the scattering strength.
The presence of resonances in the single elastic cloaking layer presented in
Chapter 5, however, can lead to a reduction in the bandwidth. Building upon the
non-resonant single configuration presented in Chapter 4, Chapter 6 presents an
investigation of the use of multiple layers. To facilitate this, the case of two layers
is examined in detail. Although conceptually it is a relatively minor step to move
from a single homogeneous layer to two homogeneous layers, the scattering analy-
sis becomes significantly more cumbersome. Due to this, development of analytic
expressions is limited to cloak consisting of two fluid layers. Although a relatively
simple configuration, the results developed are used to investigate more complicated
multilayer cloaks, by using two alternating materials.
The analysis in Chapter 6 allows for an arbitrary number of fluid or isotropic
elastic solids to be used to construct a cloak. Although the operation of these cloaks
is focused on a single design frequency, a reduction in the scattering strength is
seen for a broader range of frequencies. To extend this bandwidth, consideration
of anisotropic layers is considered, which is presented in Chapter 7. In spherical
coordinates, the formulation developed in Chapter 3 and used in Chapters 4-6 cannot
be used. An alternative approach to describe the scattering from an elastic sphere
with anisotropic spherical shells is developed in Chapter 7, to which the conditions
for scattering cancellation can be applied.
Finally, Chapter 8 gives a summary of the results and some concluding
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remarks. Potential future applications of this work and expansions of the analysis
developed are considered.
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Chapter 2
Background and fundamentals of acoustic cloaking
The topic of acoustic cloaking has gained significant attention in recent years,
as the result of successful implementations in the electromagnetic (EM) domain.
This chapter introduces several EM cloaking approaches which offer a means to
achieving cloaking of acoustic waves. In Section 2.1, the transformation method
is discussed, which prescribes anisotropic functionally-graded materials to re-route
the incident energy around an object. This method has been the topic of much
interest in the literature and has direct analogues in acoustics. In Section 2.2,
another means of cloaking originally proposed for EM waves is described. This
proposed method uses the anomalous resonances resulting from the interaction with
negative-valued material properties to achieve cloaking. Finally, in Section 2.3, a
promising method is discussed which utilizes a cloaking layer designed to eliminate
the scattered field within the surrounding medium over a given bandwidth. This
scattering cancellation approach has previously only been applied to the cloaking
of EM waves. A qualitative comparison of the analogous behavior between EM
and acoustic waves is presented, revealing that the main limitations and challenges
encountered with implementation of this type of cloak for EM waves are mitigated
in the case of acoustic waves.
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2.1 Transformation cloaks for acoustic waves
One proposed approach to cloaking is to utilize materials whose properties
lead to the re-routing of sound around the object of interest. This approach prevents
acoustic energy from interacting with the object, and was originally described for
EM waves [2], [3]-[11] and subsequently extended to acoustic [12], [13]-[20] and elastic
waves [21], [22]-[25]. To understand how this is possible, consider an undisturbed
acoustic wave traveling through a homogeneous medium. To achieve cloaking, the
objective is to create an annulus-shaped region that is deformed in such a way as
to preserve the undisturbed acoustic wave outside of this enclosed region. Thus,
while outside of this deformed region the acoustic wave is undisturbed, there is no
acoustic field present within the interior of the annulus, and therefore allows any
object in this region to be cloaked.
Mathematically, this is accomplished by using a one-to-one mapping between
the deformed and undeformed regions everywhere except at a single point, which
is mapped onto the cloak’s inner boundary [26]. This process is illustrated in Fig-
ure 2.1. Note that this process, which is formally called a coordinate transformation,
alters the cloak’s properties so that the modified wave equation in the cloak mim-
ics the wave equation in the previously unaltered region. Due to the mathematics
defining cloaks employing this approach, it is referred to here as the transformation
method.
Mathematically, the general representation for relating the wave equation in
the initial and transformed spaces is given by Norris [21]
∇2p− p¨ = 0 ⇐⇒ KS : ∇ (ρ−1S∇p)− p¨ = 0. (2.1)
In the undeformed space, this relationship is simply the wave equation for a ho-
mogeneous fluid. The expression for the deformed space is more complicated, and
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Figure 2.1: Illustration of the coordinate transformation between an undeformed
space (left) and a symmetric deformed space (right). Any object placed within the
interior region of radius a will be cloaked.
involves spatial variability of both the pressure p and a generalized material prop-
erty called the density tensor ρ. The parameters K and S describe the stress-strain
relationship in the transformed region, which is σ=Cε, where
C = KS⊗ S. (2.2)
In this relationship, the second order tensor S is the result of the transformation
and satisfies the condition div S=0. Note that the : and ⊗ in the above expressions
denote the inner and outer tensor products, respectively. Two different types of
cloaks arise from this transformation: inertial cloaks and pentamode material cloaks,
which are explored in the next two sections.
2.1.1 Inertial cloak
The analysis of determining the necessary coordinate transformation with
general elastic media and arbitrary geometries can be formidable. One case of
interest, which was the first form of acoustic cloaking to be explored by Cummer
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et al. [12], is when the compressibility is isotropic, like that of a fluid. This is
equivalent to the case where S is equal to the identity matrix in Equations (2.1) and
(2.2). The basic formulation for this case is presented in Section 2.1.1.1. Based on
these theoretical values for the cloaking layer properties, Section 2.1.1.2 discusses
current approaches to the realization of these cloaks.
2.1.1.1 Basic formulation
Simplification of the solution to the transformation in Equation (2.1) occurs
when an isotropic compressibility is considered for canonical shapes in a rotation-
ally symmetric coordinate system, like that shown in Figure 2.2(a). With these
simplifications, expressions for the transformed cloaking layer properties become
[21]
ρr
ρ0
= R′
( r
R
)N−1
, (2.3)
ρθ
ρ0
=
1
R′
( r
R
)N−3
, (2.4)
κ
κ0
=
1
R′
( r
R
)N−1
, (2.5)
where ρr and ρθ are the radial and azimuthal densities of the cloak, κ is the bulk
modulus of the cloak, ρ0 and κ0 are the density and bulk modulus of the surrounding
fluid, and N is the number of spatial dimensions. For solutions of practical signifi-
cance, N = 2 or N = 3, corresponding to either cylindrical or spherical coordinates,
respectively. The function R appearing in Equations (2.3)–(2.5) is the radius in the
undeformed space shown on the left-hand side of Figure 2.1, which is related to the
radius r in the deformed space by
R =
b
b− a (r − a) . (2.6)
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Figure 2.2: (a) An incident plane wave impinging upon a cylindrical body covered
with an inertial cloak with density tensor ρ and bulk modulus κ. (b) Numerical
simulation from Cummer et al. of the total pressure field for a perfect inertial cloak
[14]. The amplitude is normalized by the magnitude of the incident wave, which is
a time-harmonic plane wave traveling from left to right.
The function R′ denotes the first derivative of R with respect to r, which is simply
R′ =
b
b− a. (2.7)
Notice that the values of r = a and r = b in the right-hand side of Figure 2.1,
representing the inner and outer edge of the cloak, correspond to the values R= 0
and R=b in the undeformed space shown on the left-hand side of Figure 2.1.
Substituting Equations (2.6) and (2.7) into Equations (2.3)–(2.5), one can
obtain the required physical properties necessary to achieve acoustic cloaking for a
spherical (or cylindrical) object of radius a with an acoustic cloak of outer radius b
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[14]
ρr
ρ0
=
(
b− a
b
)N−2( r
r − a
)N−1
, (2.8)
ρθ
ρ0
=
(
b− a
b
)N−2( r
r − a
)N−3
, (2.9)
κ
κ0
=
(
b− a
b
)N ( r
r − a
)N−1
. (2.10)
Since the wave speed in a fluid is given by c =
√
κ
ρ , the radial and azimuthal wave
speeds can be written as
cr
c0
=
(
b− a
b
)
, (2.11)
cθ
c0
=
(
b− a
b
)(
r
r − a
)
, (2.12)
where c0 is the wave speed in the surrounding fluid. One of the defining character-
istics of this type of cloak is the requirement that the density is anisotropic. Due to
this unusual inertial effect, cloaks of this type are referred to as inertial cloaks [21].
Examining Equations (2.8)–(2.10), one finds these cloak properties possess
a similar form, consisting of a scaling term proportional to (b−a)/a and a radial
dependence proportional to r/(r−a). Although the exact functional dependence of
ρr(r), ρθ(r) and κ(r) is different for these two coordinate systems, it is noted from
Equations (2.11) and (2.12) that the radial and tangential wave speeds within the
cloak are independent of the number of spatial dimensions. In particular, the radial
wave speed is independent of r, and simply scales in magnitude depending on the
values of the inner and outer radii, a and b. Since the wavelength is proportional
to the wave speed for a given frequency, this means that the wavelength scales such
that there are the same number of wavelengths over a distance a in the surrounding
fluid as there are in the distance (b− a) in the cloak. Furthermore, Equations (2.8)
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and (2.11) reveal that the radial specific acoustic impedance, ρrcr, is equal to that
of the surrounding medium at the outer edge of the cloak.
A numerical example of the resulting pressure field obtained for an inertial
cloak is given in Figure 2.2(b). In this figure, the compression of the radial wave-
fronts prescribed by Equation (2.11) is clearly observed. At the inner edge of the
cloak near r= a, it is apparent that the phase front is the same on all sides of the
object simultaneously. For this to occur, the tangential phase speed must become
infinitely large. This is clear from inspection of Equation (2.11) which requires that
cθ → ∞ as r → a. In the limit of r = a, this would present a clear violation of
causality. Another significant problem that arises in both cylindrical and spherical
coordinates is that the density and the bulk modulus of the cloak must become
infinite at the inner edge of the cloak.
Despite the apparent non-physical requirements of anisotropic inertia, non-
causal wave speeds and infinite mass, extensive research has been performed with
the aim of developing a practical inertial cloak. To address these limitations, the
primary focus has been on cloaks which allow a small but finite amount of scattering,
which are sometimes referred to as near perfect cloaks [21] (though often times this
distinction is not addressed in the literature).
For a perfect cloak, recall that the coordinate transformation creates a re-
gion which does not interact with the incident wave, so that any object can be
placed inside without affecting the cloaking condition. Using a near perfect cloak,
however, will inevitably allow some energy to penetrate into the interior. In this
case, the effectiveness has been observed to depend on the properties of the object
being cloaked, particularly near resonance frequencies of the object [13, 27]. An-
other challenge with inertial cloaking is dealing with the radially inhomogeneous
(functionally-graded) properties of the cloak, which vary as a continuous function
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of r. Overcoming this difficulty is accomplished by dividing the cloak into discrete,
homogeneous layers [27].
For an inertial cloak, there is the unique problem of producing a material
with anisotropic inertia, a property which can be achieved by utilizing the effective
properties of a periodically layered fluid system. The characterization of this behav-
ior, and the development of explicit expressions relating the different components of
the effective density to the constituent fluid layers, is credited to Schoenberg and Sen
[28]. Interestingly, this work was published well before there was serious scientific
discussion of cloaking, and was presented with regards to the acoustical interactions
of the ocean bottom. Originally derived for periodic fluid layers in a half-space,
these results have been applied directly by assuming that the curved discrete layers
within the cloak are sufficiently thin. Assuming two alternating fluids denoted by
the subscripts 1 and 2, the resulting homogenized properties are
ρr =
1
d1 + d2
(
d1ρ1 + d2ρ2
)
, (2.13)
1
ρθ
=
1
d1 + d2
(
d1
ρ1
+
d2
ρ2
)
, (2.14)
1
κ
=
1
d1 + d2
(
d1
κ1
+
d2
κ2
)
, (2.15)
where dm is the thickness of the mth layer.
To address the issue of creating anisotropic inertia, Equations (2.13)–(2.15)
provide a useful way for obtaining discrete layer properties using fluid layers. Un-
fortunately, the constitutive fluids needed to match the properties given in Equa-
tions (2.8)–(2.10) must also exhibit similarly extreme properties, and most proposed
layering schemes require a mixture of extremely dense and extremely light fluids rel-
ative to the surrounding medium. As a result, inertial cloaks made from alternating
fluid layers are impractical to construct and, for the most common ambient fluids
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encountered (namely air and water), fluids possessing these vast material property
contrasts do not exist in nature. Configurations using three fluid sublayers have
been proposed by Norris and Nagy [29], which results in sublayers with low den-
sities, near-neutral densities, and high densities. These three layer cases, however,
also require the use of fluids which currently do not exist in order to achieve cloaking.
2.1.1.2 Use of acoustic metamaterials
Although homogeneous fluids are impractical to use in the construction of
inertial cloaks, recent research has focused on creating fluids which exhibit the prop-
erties required. In particular, attention has been focused on acoustic metamaterials,
which are materials containing organized microstructures that create extreme effec-
tive macroscopic properties that are difficult or impossible to achieve using ordinary
materials. Acoustic metamaterials can be thought of as a type of composite struc-
ture, although they have the distinct feature of exhibiting effective properties beyond
the normal bounds of an ordinary homogenized mixture.
Despite their exotic nature, acoustic metamaterials have been realized using
basic physical mechanisms, including the lumped-element behavior of a series of
ports and cavities by Zhang et al. [30] and the multiple scattering effects of a
lattice of cylindrical scatterers by Torrent and Sa´nchez-Dehesa [16]. More recent
efforts by Popa et al. [31] have used more complex engineered structures, but these
fundamentally rely on the same basic principles of lumped-element and scattering
effects within each structural unit, in addition to the periodic arrangement of these
units, to achieve the desired extreme macroscopic properties.
Figure 2.3(a) shows one type of acoustic metamaterial for 2D acoustic cloak-
ing applications proposed by Torrent and Sa´nchez-Dehesa [15]. In this configuration,
each layer is made up of two fluid sublayers (shown in red and blue in the figure),
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Figure 2.3: (a) Schematic view of a cloaked cylinder proposed by Torrent and
Sa´nchez-Dehesa [15]. The cloak consists of alternating fluid sublayers of equal thick-
ness. (b) Parametric plot showing the range of material properties needed to achieve
cloaking using a configuration like that shown in part (a). The solid lines show the
two fluid sublayer properties, and the dashed lines show the design space using a
sonic crystal arrangement.
as described by Equations (2.13)–(2.15). To obtain the necessary fluid properties,
each sublayer consists of a lattice of elastic scatterers. Utilizing the homogenized
properties from this lattice (including multiple scattering effects) creates an acous-
tic metamaterial commonly referred to as a sonic crystal [16]. Through the use of
sonic crystals, a more realistic design space can considered, as illustrated by the
parametric plot presented in Figure 2.3(b). In this figure, the solid lines represent
the necessary values for the fluid sublayers based on Equations (2.13)–(2.15), while
the dotted lines represent the parameter space which can be used to achieve these
values with a sonic crystal.
This noticeable increase in the range of material properties which can be used
arises from the variation in the composition and volume fraction of elastic scatterers
within each fluid sublayer. Although the choice of using elastic cylinders with a
fluid layer is partially responsible for such a broad expansion of the parameter space
shown in Figure 2.3(b), the range of achievable densities are extended beyond the
15
(a)
 
 
(b) −1
0
1
Figure 2.4: Numerical simulations of the total pressure field for a cloaked rigid
cylinder, using an inertial cloak consisting of alternating fluid sublayers containing
sonic crystals by Torrent and Sa´nchez-Dehesa [15], with (a) 50 layers, and (b) 200
layers.
traditional bounds of composite mixtures through the judicious design of the lattice
arrangement of the elastic scatterers. Such an effect was verified experimentally by
Torrent et al. [32], achieving the effective properties of argon gas using a closely
packed lattice of wooden cylinders in air.
Despite the promising characteristics that sonic crystals offer, there are still
significant obstacles with regards to implementation in a practical inertial cloak.
Figure 2.4(a) and (b) show numerical simulations of the total acoustic pressure field
using sonic crystals for 50 layers and 200 layers, respectively. Even with discretiza-
tion of the cloak into 50 layers, there is still significant visible disruption of the field,
even in the idealized case illustrated which does not include any losses.
Aside from the complexity of the structure, there are several other factors
that significantly affect the realization of inertial cloaks. From Figure 2.3(b) it is
observed that there are two distinct properties exhibited by the two sublayers, one
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(a)
(b)
(c)
Figure 2.5: Experimental design by Zhang, Xia and Fang [30] for a cloaked steel
cylinder in water, using an inertial cloak with 16 discrete layers of a radially sym-
metric lattice of ports and cavities, for (a) the entire cloak, and (b) a close up to
show the arrangement of ports and cavities. The measured pressure field passing
through the shadow zone of the rigid cylinder are shown in (c) for the cloaked (blue)
and uncloaked (red) configurations, relative to a freefield measurement (green).
which is consistently lower in density than the surrounding fluid, and the other
which is consistently heavier. Since the required cloak properties are normalized
based on the surrounding fluid properties, the relative difficulty in realizing the
necessary cloak depends on the particular properties of the surrounding fluid, and
can be addressed by varying the filling fraction of each sublayer [33]. However, the
most commonly encountered surrounding media in acoustic applications are air and
water, which lie on opposite extremes of the range of material densities, potentially
limiting the effectiveness of what cloaking layer properties can be achieved, even
with an arbitrarily large number of layers.
Another type of acoustic metamaterial which has been developed utilizes
transmission-line arrangements of acoustic lumped elements made up of ports and
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cavities. Arrangements of acoustic lumped elements have been used for a cylindrical
configuration, made up of discs that were stacked together, an example of which is
shown in Figure 2.5(a) based on the work of Zhang, Xia and Fang [30]. A close up
is shown in Figure 2.5(b), in which the individual ports and cavities can be clearly
observed.
To design this cloak, the features illustrated in Figure 2.5(a) and (b) were
machined out of aluminum discs, using the surrounding fluid (in this case water) to
fill the resulting ports and cavities. To achieve anisotropic inertial effects, different
sized ports were used in the radial and tangential directions while using a shared
cavity. The cavity sizes were the same for each layer, but were allowed to change
size with the radial distance from the inner cylinder.
Using the prescribed properties for ρr, ρθ and κ for an inertial cloak, expres-
sions for the acoustical inductance in the radial and tangential directions, Lr and
Lθ, and the acoustical compliance C become [30]
Lr = ρw
lr
Sr
, (2.16)
Lθ = ρw
lθ
Sθ
(
r − a
r
)2
, (2.17)
C =
V
Kw
(
a
b− a
)2
, (2.18)
where l is the port length, S is the cross-sectional area of the port, V is the volume
of the cavity, and ρw and κw are the density and bulk modulus of water, respectively.
Note that the sound speed for a transmission-line configuration of acoustic lumped
elements is [34]
c =
√
1
LC
. (2.19)
Using Equations (2.16)–(2.18), the sound speed given by Equation (2.19) can be
determined for the radial and tangential directions and equated with the prescribed
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values given by Equations (2.11)–(2.12).
Figure 2.5(c) highlights typical data obtained from experimental results us-
ing this design. In this plot, the total pressure field was measure in the shadow
zone directly behind the target. Note that the axis of symmetry along which the
center of the target lies is located at x=150 mm based on the data illustrated. To
interpret the results presented in Figure 2.5(c), a scale in decibels has been added
to right-hand side which gives a measure of the sound pressure level (SPL) relative
to the freefield levels. Comparing the SPL, it can be seen that the change due to
the addition of the cloaking layer is about 3 dB or less over most of the range,
with a maximum change of about 12 dB. Even when the cloaking layer is present,
there is still a difference about 6 dB in the shadow zone compared with the freefield
measurements. Considering that the thickness of the cloak is three times the radius
of the target and contains approximately 3000 helmholtz resonators, it is uncertain
how much of these observed changes in the data with the cloak present are due to
thermoviscous losses.
There are still more significant limitations of designs using this type of acous-
tic metamaterial. First, since water (or any ambient fluid) is used as the medium
through which sound propagates, this limits how fast the information can propagate
within the cloak. Although the high phase speeds needed can be achieved once the
acoustic field reaches steady state, this means that the performance with transients
will be significantly diminished. Furthermore, one design aspect which appears to
have not been considered by Zhang et al. is the end correction of the ports to ac-
count for the mass of the entrained fluid [34]. Based on the design presented, thin
wide ports are used to achieve the low inertia needed for the high phase speeds
near the inner edge of the cloak. However, when the end corrections are properly
accounted for, this significantly reduces the achievable phase speeds.
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2.1.2 Pentamode materials and acoustic metafluids
To address the requirement for infinite mass necessary at the inner edge
to achieve perfect cloaking with an inertial cloak, alternative solutions have been
sought based on the general coordinate-transformation given by Equation (2.1). By
assuming that the density tensor can vary with radial position, but is isotropic at
any point in space, the transformed cloak properties are [21]
ρ
ρ0
= R′
(
R
r
)N−1
, (2.20)
κr
κ0
=
1
R′
(
R
r
)N−1
, (2.21)
κθ
κ0
= R′
(
R
r
)N−3
, (2.22)
where R and R′ represent the radius in the undeformed space and its derivative,
given by Equations (2.6) and (2.7), respectively. By prescribing isotropic density
in this case, the anisotropy required to re-route incoming waves around the cloaked
space is achieved through the bulk modulus, with radial and tangential components
κr and κθ, respectively.
Under these conditions, the stress-strain relations simplify to a single ex-
pression. Note that the tensor C containing the elastic coefficients is 4th order,
though due to symmetry contains at most 21 independent coefficients for a general
anisotropic elastic body [35]. As a result, the stress-strain relation is often written
in a more compact form in which C is expressed as a 6× 6 symmetric matrix where
each column of a row relates a component of stress to one of six possible defor-
mations, given by the eigenmodes. Therefore, of the six different possible ways of
deforming an elastic body, the type of material needed for this type of cloak does
not resist deformation in five of these modes. Another way of saying this is that no
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(a) (b)
Figure 2.6: (a) Example of an acoustic metafluid by Norris [21], consisting of lubri-
cated elliptical beads arranged in a hexagonal lattice. (b) A pentamode cloak using
a proposed acoustic metafluid called metal water [37].
energy is required to deform the material in these modes. As a result, this type of
material is known as a pentamode material [36].
The simplest example of a pentamode material is a fluid which does not
resist deformation in five shear modes and only resists pure compression [21]. How-
ever, conventional fluids have isotropic compressibility and therefore cannot satisfy
Equations (2.20)–(2.22). Pentamode materials which do satisfy the conditions for
the transformed cloak are called acoustic metafluids [38].
Figure 2.6 shows two acoustic metafluids proposed by Norris. In Figure 2.6(a),
the acoustic metafluid is created using a microstructure of lubricated elliptical beads
in a hexagonal lattice [38]. Use of non-spherical beads ensures that the macroscopic
properties will exhibit anisotropy, as prescribed by Equations (2.20)–(2.22). An-
other proposed acoustic metafluid is illustrated in Figure 2.6(b), for use as a cloak
in water. The material for this cloak is made up of an air-filled, hinged metal lat-
tice, so that an undeformed block will have the same density and bulk modulus as
water, which has appropriately been called metal water [37]. A cloak can be created
by physically deforming a cylinder (or sphere) of metal water to achieve a hole at
the center with the desired radius. The deformation of the metal water represents
the physical embodiment of the mathematical steps involved with the coordinate
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transformation. This will lead to denser portions exhibiting strong anisotropy at
the inner part of the cloak as prescribed by Equations (2.20)–(2.22), and observed
in Figure 2.6(b).
Although the use of acoustic metafluids addresses many of the issues with
inertial cloaks, challenges remain with the construction and implementation of such
materials. Effects of small amounts of resistance in some of these modes, such as
that which could occur in real hinges, has yet to be determined. Furthermore, due
to the condition of having five modes which do not resist deformation, designing
such a structure while ensuring sufficient stability is a significant issue.
2.2 Anomalous resonance cloaking
In addition to the transformation-based approach discussed in the previous
section, cloaking effects can occur through other physical means. One such type is
cloaking by anomalous resonances, which has been theorized based on the analysis of
a device known as a superlens, which was devised to permit sub-wavelength electro-
magnetic imaging [39]. Superlens work by using materials with negative properties
(either permittivity or permeability for electromagnetic waves), causing scattered
evanescent waves to emanate from an illuminated surface and can therefore enable
resolution beyond the tradition diffraction limits. This apparent evanescent wave
’amplification’ is referred to as an anomalous resonance.
Based on the theoretical formulations for a cylindrical electromagnetic su-
perlens, it was observed by Nicorovici et al. that transparency could also occur,
analogous to planar mirroring effects from a material with negative properties [40].
Due to this mirroring effect, cloaking with anomalous resonances occurs in the region
external to the cloak itself, unlike the transformation-based approach that occurs
within the interior of the cloak [39]. Figure 2.7(a) shows a numerical simulation
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Figure 2.7: (a) Numerical simulation by Nicorovici et al. [39] of the electric potential
field demonstrating anomalous resonance cloaking. The inner and outer edge of the
cloak are denoted by solid lines, and the region of cloaking is denoted with a dashed
line. (b) Layout of a 1D mass-spring system by Fang et al. [41] experimentally
shown to exhibit negative effective mass. (c) Proposed resonant inclusion for an
acoustic anomalous resonance cloak by Zhou et al. [42]. In this illustration, red
denotes upward displacement and blue denotes downward displacement.
from Nicorovici et al. [39] of the electric potential field for an electromagnetic cloak
using anomalous resonances. In this figure, resonances can clearly be seen near the
inner and outer edge of the cloak, though the cloaking effect occurs beyond the edge
of the cloak and the associated anomalous resonances.
One of the difficulties associated with this approach is that it requires nega-
tive material properties. For the acoustic analog to anomalous resonance cloaking,
research has currently been focused on overcoming this particular challenge. Al-
though negative mass or compressibility are not readily found in nature, the use of
resonant elements within an acoustic material has been demonstrated to produce
an effective negative mass.
One method which has been proposed by Fang et al. uses a transmission-
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line arrangement of Helmholtz resonators operating near resonance [41]. This was
experimentally demonstrated using a linear arrangement of the resonators along the
length of a waveguide, shown in Figure 2.7(b), creating a 1D mass-spring system
which exhibited effective negative mass for a small range of excitation frequencies.
This is a similar approach taken to the one proposed for the inertial cloak using a
lattice of ports and cavities shown in Figure 2.5(a) and (b). It is important to note
that for the inertial cloak, the required effective mass is positive, whereas for the
anomalous resonance it is negative, which can only be achieved over a very narrow
frequency band near resonance. Another proposed method by Zhou et al. utilizes
an acoustic metamaterial consisting of coated spherical inclusions [42]. The coated
sphere is tuned to resonate so that the outer layer is moving out-of-phase with the
sphere, as illustrated in Figure 2.7(c), thereby creating a net negative effective mass.
To achieve the necessary negative material properties for anomalous reso-
nance cloaking of acoustic waves, acoustic metamaterials with resonant structures
are required. However, the use of such resonances are highly sensitive to real world
factors, such as the internal losses and perturbations from the design specifica-
tions encountered during the fabrication process [43]. Furthermore, to achieve these
negative effective properties requires highly resonant systems which are inherently
narrowband, therefore presenting a significant challenge in achieving a realizable
broadband cloak.
2.3 EM plasmonic cloaking
An alternative approach which has been investigated extensively for electro-
magnetic waves is the use of a coating which cancels the scattered field from the
object, thereby achieving cloaking. This corresponds to mathematically solving the
classical scattering problem, often referred to as Mie scattering for electromagnetic
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waves, for the coated object, and then solving to determine what coating properties
will produce a null in the scattered field under a given set of conditions. As a result,
this is typically referred to as a scattering cancellation approach.
Since it is only the scattered field at the outer edge of the cloak which is
eliminated, there is no restriction on the interaction of the incident wave with the
object being cloaked, as observed in Figure 2.8(a). This is conceptually different
from the transformation method presented in Section 2.1, for which the incident wave
is re-routed around the object to prevent any interaction with it. Previous work by
Alu` and Engheta [43] has shown that scattering cancellation can occur using non-
resonant or resonant wave interactions within the cloaking layer, with either positive
or negative cloak properties to achieve this effect. This differs from the anomalous
resonance method described in Section 2.2, which used the anomalous resonances
resulting from the negative cloak properties combined with the positive properties
of the surrounding medium to achieve cloaking at a distance away from the edge
of the cloak. With scattering cancellation, the cloaking effect occurs everywhere in
the surrounding medium, even in the case where negative properties are used.
To enable the reader to examine the scattering cancellation approach in
more detail, the basic theory which has been developed for electromagnetic waves
is summarized in Section 2.3.1. In addition, the type of material properties which
are necessary will be discussed in Section 2.3.2. Based on this analysis of the EM
scattering cancellation, an overview of how this relates to the possibility of being
applied for acoustics waves is presented in Section 2.3.3.
2.3.1 Basic formulation
For electromagnetic waves, the general scattering problem may be solved
using the Mie expansion technique. The fields scattered by an arbitrary object
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(a) (b)
Figure 2.8: (a) Demonstration of EM scattering cancellation using a plasmonic cloak
[44], originally developed by Alu` and Engheta [45]. (b) Parametric plot for the
cloaking layer properties of a single layer cloak utilizing EM scattering cancellation
for a magnetodielectric sphere [44]. The color scale represents the scattering strength
relative to the uncloaked scatterer.
subject to a time-harmonic excitation, which in this work are described using a
e−iωt convention, may be represented by a sum of electric (ES) and magnetic (HS)
outgoing waves, often referred to as transverse electric (TE) and transverse magnetic
(TM), expanded in terms of spherical harmonics as [46]
ES =
∞∑
n=1
n∑
m=−n
cTMnm bnm∇×∇×(rψmn ) + iωµ0
∞∑
n=1
n∑
m=−n
cTEnmdnm∇×(rψmn ) ,
HS =
∞∑
n=1
n∑
m=−n
cTEnmdnm∇×∇×(rψmn )− iωε0
∞∑
n=1
n∑
m=−n
cTMnm bnm∇×(rψmn ) , (2.23)
where ψmn is a spherical potential function, ε0 and µ0 are permittivity and perme-
ability of the background, k0 = ω
√
ε0µ0 is the background wavenumber, b and d
represent the known amplitudes of the spherical expansion of the impinging wave,
and the scattering coefficients c depend on the geometry of the scatterer and on the
frequency of operation. For the case of a spherical scatterer enclosed in a spherical
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shell, the expression for ψmn reduces to
ψmn = i
n 2n+ 1
n(n+ 1)
k0rh
(1)
n (k0r)P
m
n (cos θ), (2.24)
where Pmn are the associated Legendre polynomials, θ is the polar angle, and h
(1)
n (·)
is the spherical Hankel function of the first kind. Note that for the axisymmetric case
of an incident plane wave impinging on a spherical target, m=1 for the transverse
electromagnetic (TE and TM) waves. For this case, the resulting TE and TM
scattering coefficients can be written in the form [47]
cTEn = −
UTEn
UTEn + iV TEn
, (2.25)
cTMn = −
UTMn
UTMn + iV TMn
, (2.26)
where Un and Vn are determinants for each mode n of the spherical harmonic expan-
sion, the size and composition of which are based on the applied boundary conditions
at each interface and the number of unknown scattering coefficients.
The total scattering cross-section of an object, σtotal, represents a measure of
its overall visibility to an impinging wave at the frequency of interest, which under
time-harmonic excitation and axial symmetry is given by [48]
σtotal =
2pi
|k0|2
∞∑
n=1
(2n+ 1)
(|cTEn |2 + |cTMn |2) . (2.27)
Cloaking requires the suppression of scattering for any position of an external ob-
server, positioned in the near or far field of the object. It is evident, however, that
if one could cancel all the relevant c coefficients with a proper cover, σtotal→0 and
cloaking may be achieved.
Based on the form of the scattering coefficients c given in Equations (2.25)–
(2.26), the condition to eliminate the total scattering cross-section can be met by
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prescribing UTEn = U
TM
n = 0. Notice that in the case when Vn = 0, the scattering
coefficient is equal to unity, corresponding to a modal resonance. Figure 2.8(b)
shows a parametric plot of the scattering cross-section of a cloaked magnetodielectric
sphere (exhibiting contrast of both the TE and TM waves), normalized by that of
the uncloaked sphere [44].
In the example illustrated in Figure 2.8(b), the cloak consists of a single
homogeneous magnetodielectric coating, with positive, isotropic material properties.
Even using such a simple cloak, a region of significant scattering reduction can be
observed, where UTE1 = U
TM
1 = 0. Note that here only the leading order mode for
the TE and TM scattered waves have been cancelled, but a scattering reduction of
over 40 dB is achieved. This scattering reduction is obtained in the non-resonant
region of the parameter space, away from the modal resonances where V TEn =0 and
V TMn =0.
2.3.2 Use of plasmonic materials
Based on the results illustrated in Figure 2.8(b), it is of particular interest
to examine what type of materials would be needed to achieve the significant scat-
tering reduction in the non-resonant region of the parameter space. In the figure,
it is observed that both the permittivity and permeability required to achieve this
cloaking are much less than the background medium. For most cases of interest
for electromagnetic waves, the background medium is free space, and most ordinary
materials have ε, µ > 1. Depending on the frequency range of interest, several op-
tions are available. The most broadly applicable choice is the use of metamaterials,
which can be used to create materials with low values of ε and/or µ, using similar
means as described in Section 2.1.1.2.
Alternatively, plasmonic materials have been shown to have electromagnetic
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permittivity less than free space [45]. An electromagnetic plasma is any medium
that possesses freely mobile charges, including not only ionized gases traditionally
referred to as ‘plasmas’ but also solids with free moving electrons, like metals in
certain frequency bands [49]. Oscillations of these free charges may be excited by
the interaction with electromagnetic radiation, and the resonant modes of these
free charges are called plasmons, with the study and utilization of this phenomenon
known as plasmonics. The frequency dependence of a plasmonic material in the
absence of losses can be expressed as [49]
εp(ω) = ε
(
1− ω
2
p
ω2
)
, (2.28)
where ω is the angular frequency, ωp is the plasma frequency and ε is permittivity
of the material. From Equation (2.28), it can be seen that the permittivity of a
plasmonic material at frequencies slightly below the plasma frequency can be used
to achieve the necessary properties to achieve scattering cancellation, referred to as
plasmonic cloaking.
Plasmonic cloaking has been investigated quite extensively for EM waves,
including exploration of single and multiple frequencies, and for collections of mul-
tiple particles [45, 43, 47, 50, 51]. Furthermore, plasmonic cloaking has been found
to be quite robust to design and frequency variations [52, 53]. Recently, a 3D EM
plasmonic cloak for a finite length cylinder was designed and tested at ARL:UT and
UT Austin demonstrating its effectiveness [54].
A novel feature of the plasmonic cloak, as illustrated in Figure 2.8(a), is that
it allows the incident wave to penetrate the object while still canceling the scattered
field in the surrounding medium. This provides for the possibility of a cloaked sensor,
which can simultaneously measure the incident field without disrupting it, with
applications in near-field scanning and imaging demonstrated by Alu` and Engheta
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[55]-[57].
Although EM plasmonic cloaking shows strong promise for providing a fea-
sible means of cloaking, it faces several obstacles. Use of plasmonic materials, both
as ordinary materials or as part of a metamaterial, ultimately is based on plasmonic
resonances modes to achieve their properties. This inherently limits the bandwidth
and increases the losses, potentially limiting the size of the objects to be cloaked.
Furthermore, the realizable parameter space is limited by causality, since the wave
speed within the cloak cannot exceed the wave speed in free space.
2.3.3 Physical analogy between EM and acoustic waves
To provide a comparison between scattering cancellation of EM waves and
acoustic waves, the relationship between the relevant cloaking parameters is now
considered. Cummer and Schurig showed a direct mapping between EM and acoustic
waves for 2D cylindrical geometries [12]:
[p, vr, vφ, ρr, ρφ, κ−1]⇔ [−Ez, Hφ,−Hr, µφ, µr, εz], (2.29)
which gives an exact duality whether the material has an isotropic or anisotropic
density/permeability. However, as noted by Cummer and Schurig, this result does
not hold for 3D geometries, which includes the spherically symmetric cases of in-
terest here [12]. This result is not surprising, based on the fundamental physical
differences: the 2D cylindrical EM scattering problem is inherently separable into
TE and TM orthogonal polarizations (relative to the cylinder axis), which allows
the reduction of the electromagnetic problem to a scalar boundary-value problem
mappable into the acoustic equivalent for the specific polarization of interest. In 3D
scattering problems, however, the TE- and TM-polarized spherical waves (relative
to the radial coordinate in this case) inherently coexist for plane wave incidence,
30
making a mapping between electromagnetic and acoustic problems generally impos-
sible.
Although a formal mapping between EM and acoustic waves may not be
possible, it would be expected that some similarities common to wave phenomena in
the two scattering problems do exist. Consider that the relative size of the scatterers
compared to the wavelength in each domain is given by k0a, where the wavenumber
is k0 = ω
√
ε0µ0 for EM waves and k0 = ω
√
ρ0/κ0 for acoustic waves. In both
scenarios, larger scattering is expected for larger k0a. Qualitatively, there will be an
analogy between the two EM constitutive parameters permittivity and permeability
(ε and µ) and the acoustic material properties, i.e., density and compressibility (ρ
and 1/κ).
Considering the case of acoustic waves scattering in an ambient fluid like
water, there are a wide range of homogeneous materials which exist that have den-
sities and bulk moduli either much less than or much greater than that of water.
In addition, there is no practical limit on the wave speed which could limit the
design of an acoustic ‘plasmonic’ cloak. Although acoustic plasmonic cloaking has
previously never been explored explicitly, in the quasi-static limit a plasmonic cloak
essentially behaves as a neutral inclusion [58]. In this case, the full-wave expressions
simplify considerably, and for fluids the scattering is dominated by only two modes
(three modes for elastic solids). Using quasi-static expressions, simplified relations
for single layer acoustic cloaks have been developed, and shown to yield realizable
material properties [59].
In the next chapter, the full-wave solutions for the scattering from spherical
acoustic objects is formulated, following a similar approach taken in Section 2.3.1.
Unlike previous work examining acoustic cloaking in the quasi-static limit, the full
dynamics of the scattered field are retained through the entirety of this work, taking
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limiting cases to provide illustrative examples and highlight fundamental aspects.
Although the resulting expressions are quite complex, retaining the full dynam-
ics becomes critically important when considering wavelengths on the order of the
scatterer diameter, multilayered configurations and internal resonances within the
cloaking layer, all of which are addressed in the following chapters.
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Chapter 3
Theoretical formulation of acoustic scattering
cancellation
The dynamic behavior of a linear elastic material can be described by the
equations of motion, which in the absence of body forces can be written as
∇ ·T = ρ u¨, (3.1)
where T is the stress tensor, u is the displacement vector, and ρ is the density. The
stress and displacement of a linear elastic material are related by the small strain
tensor ε, which is given by
ε =
1
2
[
∇u + (∇u)T
]
. (3.2)
Using a generalized form of Hooke’s law, the constitutive linear relationship
between stress and strain can be expressed as
T = C ε, (3.3)
where C is a fourth-order stiffness tensor. Due to the symmetry of T and ε, C
contains a maximum of 21 independent elastic constants. In the case of an isotropic
elastic material, only 2 independent elastic properties are needed, in which case
Equation (3.3) reduces to [60]
T = λ tr(ε) + 2µ ε. (3.4)
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where λ and µ are Lame´ constants. Combining Equations (3.1), (3.2) and (3.4), one
obtains
(λ+ µ)∇ (∇ · u) + µ∇2u = ρu¨, (3.5)
commonly referred to as Navier’s equations of motion, which describe the elastody-
namic behavior of an isotropic linear elastic solid.
3.1 Method of potentials
Although Navier’s equations provide a full description of the elastodynamics
for an isotropic solid, the solution for the resulting displacements can be simplified
by looking at the displacement potential fields. Using the vector identity for the
vector Laplacian operator
∇2u = ∇ (∇ · u)−∇× (∇× u), (3.6)
one finds that Equation (3.5) reduces to [61]
(λ+ 2µ)∇ (∇ · u)− µ∇× (∇× u) = ρu¨. (3.7)
From this expression, it is clear that the solution can be simplified by sep-
arating u into irrotational (∇ × u = 0) and solenoidal (∇ · u = 0) components.
Using the Helmholtz decomposition of the displacement vector yields an expression
in terms of an irrotational scalar potential φ, and a solenoidal vector potential Ψ
u = ∇φ+∇×Ψ. (3.8)
Substitution of Equation (3.8) into Equation (3.7) yields decoupled expressions for
the displacement potentials
∇2φ− 1
c2d
∂2φ
∂t2
= 0, (3.9)
∇2Ψ− 1
c2s
∂2Ψ
∂t2
= 0, (3.10)
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where
cd =
√
λ+ 2µ
ρ
, cs =
√
µ
ρ
, (3.11)
are the dilatational (i.e. longitudinal) and shear wave speeds, respectively. For the
spherical geometry under consideration in this work, illustrated in Figure 3.1, the
vector potential Ψ can be written as [62]
Ψ = rψ eˆr +∇×(rχ eˆr) , (3.12)
where ψ and χ are two scalar Debye potentials, and eˆr denotes the unit vector in
the radial direction. As illustrated in Figure 3.1, an incident compressional plane
wave propagating along the z-direction impinges on a spherically symmetric object,
so the scalar potential ψ is zero due to the azimuthal symmetry. Therefore, the
stress and displacement fields can be completely described using only the two scalar
potentials φ and χ. With the assumption of time-harmonic waves, Equations (3.9)
and (3.10) can be written in the form of Helmholtz equation
∇2φ+ ω
2
c2d
φ = 0, (3.13)
∇2χ+ ω
2
c2s
χ = 0. (3.14)
Assuming spherical geometry, the reader finds the solution to these equations
can be written as a summation of spherical harmonics
φinc(r, θ, t) = φ0e−iωt
∞∑
n=0
in(2n+1) jn(kd0r)Pn(cos θ), (3.15)
φsc(r, θ, t) = φ0e−iωt
∞∑
n=0
in(2n+1)A(0)n h
(1)
n (kd0r)Pn(cos θ), (3.16)
φm(r, θ, t) = φ0e−iωt
∞∑
n=0
in(2n+1)
×
[
A(m)n jn(kd,mr) +B
(m)
n nn(kd,mr)
]
Pn(cos θ), (3.17)
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Figure 3.1: A time-harmonic incident plane wave in a fluid medium impinging on
an isotropic elastic core of radius a coated with multiple shells with outer radius b.
The surrounding medium has density ρ0 and bulk modulus κ0, and the elastic core
has density ρ, bulk modulus κ and shear modulus µ.
χm(r, θ, t) = φ0e−iωt
∞∑
n=0
in(2n+1)
×
[
C(m)n jn(ks,mr) +D
(m)
n nn(ks,mr)
]
Pn(cos θ), (3.18)
where φinc is the incident plane wave displacement potential of amplitude φ0, φsc is
the scattered displacement potential in the surrounding fluid, φm and χm are the
displacement potentials accounting for the compressional and shear waves in the
mth material, jn and h
(1)
n are the spherical Bessel and Hankel functions of the first
kind, respectively, nn is the spherical Bessel function of the second kind, Pn is the
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Legrendre polynomial, and θ is the polar angle. Further, the dilatational and shear
wave numbers in the mth layer material are known to be
kd,m =
ω
c
(m)
d
, ks,m =
ω
c
(m)
s
, (3.19)
and A(m)n , B
(m)
n , C
(m)
n , and D
(m)
n are the scattering coefficients for the mth layer
material.
Although the modes n fundamentally arise as a result of expressing the
potentials in terms of infinite series, these modes hold an important physical sig-
nificance. The modes for the scattered field in the surrounding medium, which
throughout this work will be referred to as scattering modes, determine not only
the complex magnitude of the scattered field (corresponding to A(0)n ), but also the
directivity based on θ-dependence arising from the Legendre polynomial Pn(cos θ).
As a result, the scattering modes correspond to basic physical scattering patterns,
such as a monopole (n=0), dipole (n=1) and quadrupole (n=2).
3.2 Solution for scattering coefficients and scatter cancellation
The boundary conditions at the radial interfaces for elastic solids consist
of the continuity of the normal and tangential components of the stress T and
displacement u. At the interface between an inviscid fluid and an elastic solid,
the boundary conditions are zero shear stress in the solid and the continuity of
the normal components of stress and displacement, and for the interface of two
inviscid fluids only continuity of the radial stress (pressure) and displacement are
required. Although the analysis above was derived for isotropic elastic solids, to
obtain the behavior for an inviscid fluid it suffices to set the shear modulus, µ, to
zero. Evaluating the above expressions in this case implies that the potential χ is
equal to a constant, and therefore gives a solution which is described using only the
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potential φ, in agreement with linear acoustic theory derived using fluid dynamic
principles [34].
Applying the boundary conditions to Equations (3.15)–(3.18) yields a linear
system of equations for the unknown scattering coefficients at the nth mode of the
form
D(n) · ~A(n) =~r(n), (3.20)
where D(n) is the system matrix with coefficients containing the material properties
and shell geometry, ~r(n) is the input vector describing the incident wave, and ~A(n) is
a vector containing the unknown scattering coefficients. For an isotropic spherical
core coated by N isotropic layers (either elastic or fluid), Equation (3.20) can be
written as

D(n)1,0 D
(n)
1,1 0 0 . . . 0
0 D(n)2,1 D
(n)
2,2 0 . . . 0
...
. . . . . . . . . . . .
...
0 . . . 0 D(n)N,N−1 D
(n)
N,N 0
0 . . . 0 0 D(n)N+1,N D
(n)
N+1,core


~A
(n)
0
~A
(n)
1
~A
(n)
2
...
~A
(n)
N−1
~A
(n)
N
~A
(n)
core

=

~r
(n)
0
~0
~0
...
~0
~0
~0

, (3.21)
where D(n)q,m is a coefficient matrix for the mth material at the qth interface, ~A
(n)
m is a
vector of the unknown scattering coefficients in the mth material, and ~r(n)0 is a vector
of coefficients due to the incident wave. The number of rows in D depends on the
boundary condition at the interface, while the number of columns in is determined
by the number of unknown scattering coefficients in that particular layer. Explicit
expressions for D are given in Appendix A.
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To determine the scattered field, Cramer’s rule can be used to solve Equa-
tion (3.21) for the scattering coefficient in the surrounding fluid
A
(n)
0 =
detR(n)
detD(n) , (3.22)
where D(n) is the system matrix and R(n) is D(n) with the first column replaced
by ~r(n). Therefore, given that
D(n) =

d
(n)
1,1 d
(n)
1,2 . . . d
(n)
1,Q
d
(n)
2,1 d
(n)
2,2 . . . d
(n)
2,Q
...
...
. . .
...
d
(n)
Q,1 d
(n)
Q,2 . . . d
(n)
Q,Q

, ~r(n) =

r
(n)
1,1
r
(n)
2,1
...
r
(n)
Q,1

, (3.23)
for a Q×Q system, then
R(n) =

r
(n)
1,1 d
(n)
1,2 . . . d
(n)
1,Q
r
(n)
2,1 d
(n)
2,2 . . . d
(n)
2,Q
...
...
. . .
...
r
(n)
Q,1 d
(n)
Q,2 . . . d
(n)
Q,Q

. (3.24)
This implementation is a well-established approach which has been used to
calculate acoustic scattering from an elastically coated elastic sphere, which can
be found in scientific literature on the subject dating back to the 1950’s [1], [63]-
[66], including detailed work accounting for viscous and thermal effects [67]. In
all these previous works, the scattering coefficients and the resulting scattered field
have been determined for specific shell and core properties. For such cases, the
coefficients of R(n) and D(n) are specified and the unknown scattering coefficient in
the surrounding fluid can be solved explicitly using Equation (3.22).
For the case of acoustic cloaking, a solution is sought where the incident com-
pressional wave passes unimpeded around the target. Mathematically, this means
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that the total acoustic field is equal to the incident wave throughout the surround-
ing fluid, which requires that the scattered field throughout the surrounding fluid
is zero. Written in terms of the scattering coefficient, this corresponds to the con-
dition where A(n)0 = 0 for each mode n of the expansion, and thus is referred to
as scattering cancellation to distinguish it from the transformation-based acoustic
cloaking discussed in Chapter 2.
By setting Equation (3.22) equal to zero, the expression for the cloaking
condition can be simplified. Making use of the definition of the spherical Hankel
function of the first kind,
h(1)n (kd0r) = jn(kd0r) + i nn(kd0r), (3.25)
Equation (3.22) can be expressed as
A
(n)
0 = −
Un
Un + i Vn
, (3.26)
where
Un =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Re
[
d
(n)
1,1
]
d
(n)
1,2 . . . d
(n)
1,Q
Re
[
d
(n)
2,1
]
d
(n)
2,2 . . . d
(n)
2,Q
...
...
. . .
...
Re
[
d
(n)
Q,1
]
d
(n)
Q,2 . . . d
(n)
Q,Q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= −
∣∣∣∣∣∣∣∣∣∣∣∣∣
r
(n)
1,1 d
(n)
1,2 . . . d
(n)
1,Q
r
(n)
2,1 d
(n)
2,2 . . . d
(n)
2,Q
...
...
. . .
...
r
(n)
Q,1 d
(n)
Q,2 . . . d
(n)
Q,Q
∣∣∣∣∣∣∣∣∣∣∣∣∣
, (3.27)
and
Vn =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Im
[
d
(n)
1,1
]
d
(n)
1,2 . . . d
(n)
1,Q
Im
[
d
(n)
2,1
]
d
(n)
2,2 . . . d
(n)
2,Q
...
...
. . .
...
Im
[
d
(n)
Q,1
]
d
(n)
Q,2 . . . d
(n)
Q,Q
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (3.28)
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This expression indicates that scattering cancellation of a given mode is achieved
by finding cloak properties that lead to Un=0, provided that Vn 6=0. When Vn=0,
A
(n)
0 has a magnitude of unity for any non-zero value of Un and corresponds to a
modal resonance, while the simultaneous conditions of Un = 0 and Vn = 0 leads to
an indeterminate form for A(n)0 .
From this analysis, the design of an acoustic cloak using a scattering can-
cellation approach is in essence finding the cloak properties which achieve Un = 0
for the dominant scattering modes. The properties of the cloak will depend on the
frequency and the material properties and geometry of the object being cloaked.
Furthermore, the number of modes which can be cancelled will be limited by the
complexity of the cloak design, particularly the number of discrete layers used to
construct it. This is an important factor to consider, since the number of modes
which significantly affect the scattered field increase with frequency.
3.3 Relation to scattering cross-section
With an expression for A(n)0 in terms of the material properties of the
isotropic cloaking layers, it is necessary to relate the displacement potential, which
was expanded in terms of spherical harmonics with scattering coefficients for each
mode, in terms of the scattered field in the surrounding fluid. From Equation (3.16),
it follows that the scattered pressure can be written as
psc(r, θ, t) = p0e−iωt
∞∑
n=0
in(2n+1)A(0)n h
(1)
n (kd0r)Pn(cos θ), (3.29)
where p0=ρ0 ω2φ0 due to conservation of momentum.
To describe the flow of energy through a unit area, the acoustic intensity for
the scattered wave is defined as [34]
Isc (r, θ) = 〈 psc (r, θ) u˙sc (r, θ) · eˆr〉, (3.30)
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where u˙sc is the time derivative of the particle displacement in the surrounding fluid,
eˆr is the unit vector pointing the radial direction, and 〈·〉 represents the time average
of the quantity in brackets. For time-harmonic waves, Equation (3.30) reduces to
Isc =
1
2
|psc|2
|Zsc| cosϕ, (3.31)
where the specific acoustic impedance of the scattered field Zsc is
Zsc =
psc
u˙sc ·eˆr = |Zsc| e
−iϕ, (3.32)
with ϕ denoting the phase difference between the scattered pressure and velocity in
the radial direction.
The standard metric for determining the scattering strength of an object
is the scattering cross-section, which represents a measure of the acoustic power
scattered relative to the incident wave. This can be written per unit angle using the
bistatic cross-section [68]
σbi(r, θ) = 4pir2
Isc(r, θ)
Iinc(r, θ)
, (3.33)
where Iinc is the intensity of the incident time-harmonic plane wave given by
Iinc =
1
2
|pinc|2
ρ0c0
. (3.34)
A monostatic metric corresponding to the case where θ=−pi, the scattering cross-
section is referred to as the backscattering cross-section,
σback(r) = σbi(r,−pi) = 4pir2 Isc(r,−pi)
Iinc(r,−pi) . (3.35)
To quantify the acoustic power scattered over all angles, the total scattering cross-
section is used, which is determined by
σtotal(r) =
∫
S
Isc
Iinc
dS, (3.36)
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where S represents a surface that fully encloses the object.
For the case when the distance r to the observation point is much larger than
the radius a of the scatterer, the scattered acoustic intensity at any given angle is
approximately equal to that of a progressive plane wave, such that
Isc ≈ 12
|psc|2
ρ0c0
. (3.37)
To simplify the expression for psc, the spherical Hankel function of the first kind in
Equation (3.29) can be approximated for large arguments as [69]
h(1)n (z) ≈
1
z
e−i[z−
1
2
(n+1)pi]. (3.38)
Thus, far from the scatterer, Equation (3.35) reduces to
σback =
4pi
|kd0|2
∣∣∣∣∣
∞∑
n=0
(−1)n (2n+ 1)A(0)n
∣∣∣∣∣
2
. (3.39)
A similar form can be obtained for σtotal by evaluating the integral in Equation (3.36)
over the spherical surface enclosing the scatterer at a distance r, with r  a. Using
the orthogonality of the Legendre polynomials [34]
∫ 1
−1
Pm(z)Pn(z) dz =

2
2n+1 , if m = n;
0, otherwise,
(3.40)
integration over the surface yields
σtotal =
4pi
|kd0|2
∞∑
n=0
(2n+ 1)
∣∣∣A(0)n ∣∣∣2 . (3.41)
To eliminate the backscatter from an object, prescribing σback to be zero in
Equation (3.39) yields the condition
∞∑
n=0
(−1)n (2n+ 1)A(0)n = 0. (3.42)
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From this expression, it is clear that A(0)n in general can be nonzero as long as the
summation of all the terms converges to zero. This can be achieved by a variety of
solutions, including approaches which seek to absorb the incident sound or minimize
the backscattered reflection. Although effective suppression of the backscatter may
be obtained without absorption, these methods are not optimal for stealth applica-
tions since they achieve suppression by redirecting scattered energy. This inherently
leads to an increase in the magnitude of the scattered field in other directions, par-
ticularly in the forward direction resulting in large shadow zones.
In the case of the total scattering cross-section, examination of Equation (3.41)
reveals the presence of the squared magnitude of the scattering coefficients. With all
other terms being nonzero, elimination of the total scattering cross-section can only
be achieved when all A(0)n are zero. As a result, the condition A
(0)
n = 0 represents
the criteria for cloaking achieved using scattering cancellation.
Although the cloaking criterion A(0)n =0 was determined using an expression
obtained by integrating over all angles, it is important to note that this condition
satisfies the cancellation of the scattering cross-section at all angles individually and
not just the ensemble average of the scattered field over some range of angles. This
is due to the fact that the formulation of the total scattering cross-section contains
the integration of acoustic intensity, which is an expression for the flow of acoustic
energy consisting of a quadratic term of the acoustic variables, such as the product
of the acoustic pressure and particle velocity or the square of the acoustic pressure,
as given by Equations (3.30) and (3.31), respectively. By comparison, integrating
the scattered acoustic pressure over all angles and setting it equal to zero would
simply give the condition where the average scattered pressure equals zero, but the
scattered pressure at individual angles could be non-zero.
It is important to consider that although Equation (3.41) was obtained us-
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ing a farfield assumption by using approximate forms for radially varying terms,
the resulting cloaking condition of A(0)n = 0 is equally valid using the exact expres-
sions. Thus, for this criteria, the total scattering cross-section becomes zero and the
scattered acoustic energy is eliminated in the entire surrounding medium.
3.4 Numerical implementation
Based on the analysis presented in Section 3.2, it was shown that the crite-
ria for determining the cloaking layer properties could be obtained by setting the
scattering coefficient in the surrounding medium for each mode equal to zero. Ex-
amining the elements of A(0)n , even for the relatively simple configurations listed in
Appendix A, show that many of the cloaking layer parameters are either products
with, or arguments of, different spherical Bessel functions. Explicitly solving for
the cloaking layers is made even more challenging by the fact that the determi-
nant of A(0)n can quickly become large for even a few layers, as can be seen from
Equations (3.26), the elements of which are defined by Equation (3.21), or from the
examples given in Appendix A.
3.4.1 Minimization of scattered field
Although analytic solutions for these equations can be determined for certain
limiting cases, such as either low ka or thin shells, these are practical only for simple
configurations (only approximate analytic expressions for configurations of up to two
fluid layers are considered using solutions derived using the method of potentials
in this work). Thus, a more general solution technique is sought for an arbitrary
number of layers and thicknesses. This can be achieved by numerically evaluating the
expression for A(0)n to determine its roots within a given range of the cloaking layer
properties, based on realistic material bounds or design considerations. However, for
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a finite number of discrete layers, only a finite number of modes will be cancelled,
meaning that some of the higher order modes will be non-zero. As a result, the
scattered field will be significantly reduced, but not completely cancelled. To obtain
the optimal solution, therefore, one can search for the combination of cloaking layer
parameters that minimize the total scattering cross-section.
By defining the problem in terms of minimizing the total scattering cross-
section, this ensures that the scattering coefficients are minimized, and not simply
a minimal average scattered strength. As described in Section 3.3, use of the to-
tal scattering cross-section, as opposed to simply the backscattering cross-section,
ensures that A(0)n →0 as σtotal→0, since σtotal is proportional to the sum of the magni-
tude squared ofA(0)n , as seen in the farfield expression given by Equation (3.41). From
this equation, it can be observed that the total scattering cross-section is simply a
weighted root-mean-square of A(0)n , where each mode is weighted by 4pi|kd0|2 (2n+1).
A minimization scheme was achieved using an algorithm to search the multi-
dimensional cloaking layer parameter space to find those which yield the minimum
total scattering cross-section at the frequency of interest. A schematic for this
process is illustrated in Figure 3.2. To determine the minimum total scattering
cross-section, the user provides the design frequency and an initial guess of the ma-
terial properties and shell thicknesses of the cloak. A quasi-Newton minimization
algorithm employing sequential quadratic programming (SQP) is then used to vary
the cloaking layer properties within the allowable range, until a minimum value of
the total scattering cross-section is achieved. To perform this operation, the code
was implemented in MATLAB using the fminsearch function [70].
For the numerical simulations presented in Chapters 4-6, the farfield expres-
sion for the total scattering cross-section given by Equation (3.41) is used. The
analysis presented in the remainder of this work is limited to optimization at sin-
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Figure 3.2: Schematic of the minimization algorithm used to find the properties and
geometry of the cloak using the scattering cancellation approach.
gle design frequency, and the investigation of the subsequent bandwidth which is
achieved, illustrating the physical nature of cloaks designed using a scattering cancel-
lation approach. However, the method put forth here is quite robust, and could also
be expanded to determining the cloaking layer properties which minimize the total
scattering cross-section over a given frequency band. This could be achieved, for
example, by changing the design criteria such that the total scattering cross-section
over a finite range of frequencies is reduced below a minimum threshold.
Although the implementation of the numerical minimization scheme high-
lighted in Figure 3.2 is relatively straightforward, it is important to note that the
output of such an algorithm is only as good as the input it is given. An important
question, therefore, is whether or not the minimized solution represents a local min-
imum or a global minimum. To ensure that it is the global minima which are found,
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it is crucial to understand the nature of the design space, and what type of cloaking
layers are necessary to achieve scattering cancellation.
3.4.2 Parameter space
Before proceeding with a detailed look at solution techniques for determining
the cloaking layer properties which achieve a sufficient level of scattering cancella-
tion, it is worthwhile to examine the design space to understand the nature of the
solutions being sought. Consider the variation in the scattering gain as a function
of the the cloaking material parameters, ρcρ0 and
κc
κ0
, which have been normalized
by the properties of the surrounding fluid, as illustrated in Figure 3.3 for a design
frequency of ka=0.5 with b=1.10a.
In this figure, the scattering gain is represented with a color scale, ranging
from shades of blue, representing a significant reduction in the scattering gain due
to the presence of the cloak, to yellows and reds representing an increase in the
scattering gain. From this figure, it can be seen for small values of κcκ0 there is a region
in which the scattering gain is large, which corresponds to the resonances of the
cloaking layer for which Vn=0. Away from this resonance region, there is a localized
region of significant reduction resulting from non-resonant scattering cancellation
where the first two scattering modes are zero, corresponding to U0 =U1 = 0. This
occurs at the point in the design space where ρc = 0.175ρ0 and κc = 0.244κ0, which
results in a scattering reduction of 40 dB relative to an uncloaked rigid sphere.
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/ρ0
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0
Figure 3.3: Parametric plot of the optimized cloaking layer density (top panel),
cloaking layer bulk modulus (middle panel) and scattering gain (bottom panel) as a
function of the density and bulk modulus of a penetrable fluid scatterer relative to
the external fluid. The results are given for a cloaking layer with a thickness ratio
of b/a = 1.10 at ka = 0.5.
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Chapter 4
Investigation of acoustic plasmonic cloaking using a
single layer
In Chapter 3, the existence of a non-resonant type of acoustic scattering
cancellation called plasmonic cloaking was formulated. The simplest possible design
of an acoustic plasmonic cloak is that of a single isotropic fluid layer with uniform
thickness, as illustrated in Figure 4.1. In this configuration, there are only three
cloaking layer design parameters: the bulk modulus, κc, the density, ρc, and the shell
thickness ratio b/a. Investigating this configuration for a given spherical scatterer
and design frequency allows for the fundamental behavior of an acoustic plasmonic
cloak to be examined in detail, while limiting the analysis to the minimum number
of parameters.
The analysis of a single layer acoustic plasmonic cloak is presented in five
sections. In Section 4.1, the generalized analytic results developed in Chapter 3 are
applied to the specific case of a single fluid cloaking layer. To gain further insight,
explicit expressions for the cloaking layer parameters are obtained by considering
two different approximations: (i) low frequency, and (ii) a thin shell. Using these
analytic expressions as a guide, parametric investigations of increasing complexity
are presented in the remaining four sections. In Section 4.2, the cloaking of an
impenetrable rigid sphere is considered. The application of an acoustic plasmonic
cloak to a penetrable spherical scatterer is discussed next in Section 4.3 for fluid
targets and Section 4.4 for isotropic elastic targets. Finally, a comparison is pre-
sented between the use of a single layer fluid and an isotropic elastic shell to achieve
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Figure 4.1: A time-harmonic incident plane wave in a fluid medium impinging on
an isotropic elastic core of radius a coated with a single fluid shell with outer radius
b. The surrounding medium has density ρ0 and bulk modulus κ0, the fluid shell has
density ρc and bulk modulus κc, and the elastic core has density ρ, bulk modulus κ
and shear modulus µ.
acoustic plasmonic cloaking.
4.1 Analytic expressions for a single fluid cloaking layer
The general form for the solution of the cloaking layer properties necessary
to achieve the cloaking condition A(0)n =0 for an arbitrary number of isotropic fluid
or elastic layers was derived in Section 3.2, resulting in the expression given by
Equation (3.26). In this expression, the modal scattering coefficient An is equal
to zero when the determinants Un = 0 and Vn 6= 0. In this section, approximate
analytic solutions for the specific case of a single fluid cloaking layer coating an
isotropic sphere (either fluid or elastic) will be developed, based on determining
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where Un = 0, and confirming that Vn 6= 0. Although these solutions will represent
approximate solutions limited to either low ka or thin shell conditions, they will
enable explicit expressions for the density and bulk modulus of the cloaking layer to
be obtained, which can provide insight into the behavior of an acoustic plasmonic
cloak.
For the case of an isotropic elastic core and a fluid cloaking layer, Equa-
tions (3.26) and (3.27) become∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
u
(n)
11 u
(n)
12 u
(n)
13 0 0
u
(n)
21 u
(n)
22 u
(n)
23 0 0
0 u(n)32 u
(n)
33 u
(n)
34 u
(n)
35
0 u(n)42 u
(n)
43 u
(n)
44 u
(n)
45
0 0 0 u(n)54 u
(n)
55
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=0, (4.1)
where the non-zero terms are developed in Appendix A and are given by
u
(n)
11 = kd,0b j
′
n(kd,0b), (4.2)
u
(n)
12 = kd,cb j
′
n(kd,cb), (4.3)
u
(n)
13 = kd,cb n
′
n(kd,cb), (4.4)
u
(n)
21 = jn(kd,0b), (4.5)
u
(n)
22 = ρc jn(kd,cb), (4.6)
u
(n)
23 = ρc nn(kd,cb), (4.7)
u
(n)
32 = kd,ca j
′
n(kd,ca), (4.8)
u
(n)
33 = kd,can
′
n(kd,ca), (4.9)
u
(n)
34 = −kda j′n(kda), (4.10)
u
(n)
35 = −n(n+1) jn(ksa), (4.11)
u
(n)
42 = ρc jn(kd,ca), (4.12)
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u
(n)
43 = ρc nn(kd,ca), (4.13)
u
(n)
44 =2ρ
{[
n(n+1)
(ksa)2
− 1
2
]
jn(kda)− 2 kda(ksa)2 j
′
n(kda)
}
, (4.14)
u
(n)
45 =2ρ
n(n+1)
(ksa)2
[
ksaj
′
n(ksa)−jn(ksa)
]
, (4.15)
u
(n)
54 = kda j
′
n(kda)−jn(kda), (4.16)
u
(n)
55 =
[
n(n+1)−1− 1
2
(ksa)2
]
jn(ksa)−ksa j′n(ksa), (4.17)
with ρc = ρc/ρ0 and ρ = ρ/ρ0. Similarly, for this to represent cancellation of the
scattered field, the condition Vn 6= 0 must also be met. For a single fluid cloaking
layer with an elastic core, Equation (3.28) reduces to∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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=0, (4.18)
where the only differing terms from those in Un are v
(n)
11 and v
(n)
21 , which are given
by
v
(n)
11 = − kd,0b n′n(kd,0b), (4.19)
v
(n)
21 = − nn(kd,0b). (4.20)
Based on Equations (4.1)–(4.20), a fluid core can be treated as a specific case of
an isotropic elastic core by considering the limit as the shear modulus of the core
material, µ, approaches zero. Under these conditions, Equation (4.1) (and likewise
Equation (4.18)) can be modified by eliminating the 5th column, corresponding to
shear wave scattering coefficient in the core material, and the 5th row, corresponding
to the continuity of shear displacement at r=a boundary condition.
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For the case of an isotropic elastic core, the determinant of Equation (4.1)
can be written as
u
(n)
11
∣∣∣∣∣∣∣∣∣∣∣∣∣
u
(n)
22 u
(n)
23 0 0
u
(n)
32 u
(n)
33 u
(n)
34 u
(n)
35
u
(n)
42 u
(n)
43 u
(n)
44 u
(n)
45
0 0 u(n)54 u
(n)
55
∣∣∣∣∣∣∣∣∣∣∣∣∣
− u(n)21
∣∣∣∣∣∣∣∣∣∣∣∣∣
u
(n)
12 u
(n)
13 0 0
u
(n)
32 u
(n)
33 u
(n)
34 u
(n)
35
u
(n)
42 u
(n)
43 u
(n)
44 u
(n)
45
0 0 u(n)54 u
(n)
55
∣∣∣∣∣∣∣∣∣∣∣∣∣
=0. (4.21)
To evaluate the determinants in Equation (4.21), each determinant can be divided
into 4 block matrices, which are denoted by the dashed lines. The determinant of a
2×2 matrix consisting of block matrix elements is given by [71]∣∣∣∣∣∣ A BC D
∣∣∣∣∣∣= ∣∣D∣∣∣∣A−BD−1C∣∣, (4.22)
where A, B, C and D are matrices with dimensions p×p, p×q, q×p and q×q,
respectively, with D assumed to be non-singular. Application of Equation (4.22) to
the two determinants in Equation (4.21) yields
u
(n)
11
∣∣∣∣∣∣ u
(n)
22 u
(n)
23
u
(n)
32 −Υnu(n)42 u(n)33 −Υnu(n)43
∣∣∣∣∣∣−u(n)21
∣∣∣∣∣∣ u
(n)
12 u
(n)
13
u
(n)
32 −Υnu(n)42 u(n)33 −Υnu(n)43
∣∣∣∣∣∣=0, (4.23)
which reduces to(
u
(n)
11 u
(n)
22 − u(n)21 u(n)12
)(
u
(n)
33 −Υnu(n)43
)
−
(
u
(n)
11 u
(n)
23 − u(n)21 u(n)13
)(
u
(n)
32 −Υnu(n)42
)
= 0,
(4.24)
where the function Υn depends only on the core material properties, and can be
expressed as
Υn =

u
(n)
34 u
(n)
55 −u(n)35 u(n)54
u
(n)
44 u
(n)
55 −u(n)45 u(n)54
, for an elastic core,
u
(n)
34
u
(n)
44
, for a fluid core.
(4.25)
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Substitution of Equations (4.2)–(4.17) into Equation (4.24) produces an ex-
pression in terms of the cloaking layer properties for the cancellation of the nth
mode,
ρc kd,ca kd,0a j
′
n(kd,0b)
[
jn(kd,cb)n′n(kd,ca)− j′n(kd,ca)nn(kd,cb)
]
− (kd,ca)2 jn(kd,0b)
[
j′n(kd,cb)n
′
n(kd,ca)− j′n(kd,ca)n′n(kd,cb)
]
− ρ2c kd,0aΥn j′n(kd,0b) [jn(kd,cb)nn(kd,ca)− jn(kd,ca)nn(kd,cb)]
+ ρc kd,caΥn jn(kd,0b)
[
j′n(kd,cb)nn(kd,ca)− jn(kd,ca)n′n(kd,cb)
]
= 0. (4.26)
This expression describes the properties necessary for cancellation of the nth mode
with a single fluid cloaking layer, in terms of the design frequency kd,0a with a
thickness of b−a and the uncloaked core properties given by Υn. Although this
expression is exact, it is observed from the equation that the cloaking layer properties
are imbedded in the arguments of the spherical Bessel function and their derivatives,
since
kd,ca = kd,0a
√
ρc
κc
, (4.27)
where ρc=ρc/ρ0 and κc=κc/κ0.
To obtain an analytic expression for the cloaking properties through the
use of Equation (4.26), investigation of the terms containing the spherical Bessel
functions must be addressed. Since the argument of the Bessel functions include
the parameters of interest and due to the harmonic nature of Bessel functions,
trying to determine all the possible solutions which satisfy this expression leads to
many possible solutions for a given configuration. Only the lowest order solutions,
however, correspond to the non-resonant plasmonic cloaking. The other solutions
correspond to the conditions for achieving anti-resonance cloaks, which are explored
in more detail in Chapter 5.
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For the case of acoustic plasmonic cloaking, two different approximations
can be made to simplify Equation (4.26) and yield only the non-resonant cloaking
solution: assuming either low frequency, or a thin shell. For both approximations,
the assumption of a small argument of the Bessel functions allows for the use of
only the leading order terms of a series expansion, enabling the spherical Bessel
functions to be reduced to algebraic functions. These solutions are developed in the
next two subsections, and provide a guide for analysis of a single fluid layer acoustic
plasmonic cloak.
4.1.1 Low frequency approximation
In the case when the wavelength of sound traveling in the surrounding fluid,
Λ, is much larger than the outer radius b of the scatterer, then
kd,0b = 2pi
b
Λ
 1. (4.28)
Applying this approximation will yield a quasi-static solution. By comparison, a
solution can be developed using only static forces and displacements, in which case
the resulting solution is referred to as the static solution.
In addition to the long wavelength assumption given by Equation (4.28)
for the solution of Equation (4.26) being sought, it will also be assumed that the
wavelength in the cloaking layer is much larger than the outer radius of the scatterer,
which from Equation (4.27) yields
kd,cb = kd,0b
√
ρc
κc
 1. (4.29)
It is important to note that this assumption is not valid for all possible combinations
of ρc and κc, in particular, for the situation where
√
ρc
κc
 1. Although this range
of cloaking layer material properties is valid in general, it leads to a very low sound
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speed with a correspondingly short wavelength, giving rise to modal resonances
within the cloaking layer. Although the use of anti-resonances can be used to achieve
scattering cancellation, as described in Chapter 5, the analysis here is focused on
isolating the solutions which yield a non-resonant scattering cancellation, namely,
acoustic plasmonic cloaking.
Given the conditions prescribed by Equations (4.28) and (4.29), the spherical
Bessel functions of the first and second kind can be written using the leading order
term of the Maclaurin series, such that[69]
jn(z) ≈
√
pi
2n+1
zn
Γ(n+ 32)
≡ C(1)n zn, z  1, (4.30)
nn(z) ≈ − 2
n
√
pi
Γ(n+ 12)
z(n+1)
≡ −C
(2)
n
zn+1
, z  1, (4.31)
where Γ is the Gamma function. Using the recursion relations for spherical Bessel
functions, the first derivatives can be written as
j′n(z) =
n
z
jn(z)− jn+1(z) ≈ nC(1)n zn − C(1)n+1zn+1, z  1, (4.32)
n′n(z) =
n
z
nn(z)−nn+1(z) ≈
(
−nC(2)n +C(2)n+1
)
z−(n+2), z  1. (4.33)
The relationship between the coefficients C(1)n and C
(2)
n can be simplified through
use of the recurrence formula of the Gamma function [69]
Γ(z) = (z − 1)Γ(z − 1), (4.34)
which gives
C(1)n C
(2)
n =
1
2n+1
, (4.35)
C
(1)
n+1 =
1
2n+3
C(1)n , (4.36)
C
(2)
n+1 = (2n+1)C
(2)
n . (4.37)
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Substituting Equations (4.29)–(4.37) into Equation (4.26), one finds that the
expression for cancellation of the nth mode becomes{[
Υn
(
b
a
)2n+1
− (kd,0a)
2
2n+3
][
n(2n+3)−(kd,0b)2
]
−Υn
[
n(2n+3)−2(kd,0b)2
]}
ρ2c
− n(+1)(kd,0a)2
[
1−
(
b
a
)2n+3 ]
ρc +
{[
n(2n+3)−(kd,0b)2
][
n+(n+1)
(
b
a
)2n+1 ]
−(2n+3)Υn
[
(n+1)+
(
b
a
)2n+1 ]}
ρcκc + n(n+1)(2n+3)
[
1−
(
b
a
)2n+1 ]
κc = 0,
(4.38)
where the function Υn given by Equation (4.25) reduces to
Υn =

− 12ρ
[
n− (kda)
2
2n+3
]
fn−n(n+1)gn[
n(n−1)
(ksa)2
− 1
2
+ 2
2n+3
(kda)
2
(ksa)2
]
fn−n(n+1)(ksa)2
[
n−1− (ksa)2
2n+3
]
gn
, for an elastic core,
1
ρ
[
n− 12n+3(kda)2
]
, for a fluid core,
(4.39)
with fn and gn defined by
fn = n
2 − 1− 1
2
2n+ 1
2n+ 3
(ksa)2, (4.40)
gn = n− 1−
(kda)2
2n+ 3
. (4.41)
At first glance, Equations (4.38)–(4.41) hardly seem to have simplified the
analytic expressions. Upon a closer examination of Equation (4.38), however, it is
apparent that the properties of the cloaking layer have been isolated, and appear
explicitly as the normalized density ρc and bulk modulus κc. Specifically, Equa-
tion (4.38) represents an expression for the necessary cloaking layer properties of
the form
Aρ2c +B ρc + C ρcκc +Dκc = 0, (4.42)
where A, B, C andD depend only on the design frequency, given by the wave number
in the surrounding fluid kd,0, the geometric dimensions, given by the inner radius a
and outer radius b, and the core material properties contained in the function Υn.
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It is important to consider that the expressions given by Equations (4.38)–
(4.41) are generalized to represent the nth mode, and not all the terms in these
expressions appear in each mode. In particular, even though the approximation of
kd,0b 1 is made, some of these higher order terms are retained, since for the n = 0
mode (kd,0b)2 is the leading order term, while all other modes (n ≥ 1) are of order
unity. Evaluating Equations (4.38)–(4.41) at n=0, retaining only the terms of order
(kd,0b)2 eliminates ρc and leads to an explicit solution for the bulk modulus,
κc = κ
1−φ
κ−φ, (4.43)
where φ =
(
a
b
)3 is the volume fraction of the inner sphere to that of the total sphere
with the cloaking layer present, and
Υ0 = − 13κ(kd,0a)
2. (4.44)
Note that Equation (4.44) is obtained for both expressions given in Equation (4.39)
(for a fluid core and an elastic core), demonstrating that the bulk modulus of the
core material dominates the monopole (n= 0) modal response and that the shear
effects are negligible in the low frequency limit.
Similarly, evaluating Equations (4.38)–(4.41) at n = 1 leads to the simple
relation
Υ1 =
1
ρ
− 1
5
(kd,0a)2
κ
, (4.45)
which is valid when the core is a fluid or an isotropic elastic solid. In the low
frequency limit, the (kd,0a)2 term can be neglected, leaving only the dependence
on the density of the core material, which dominates the dipole modal response.
Combining this result with Equation (4.38) and retaining only the terms of order
unity eliminates κc, this yields a quadratic expression for the cloaking layer density,
(1−φ)ρ2c − βQS(φ)ρc − 2(1−φ)ρ = 0, (4.46)
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where the function βQS(φ) is defined as
βQS(φ) = (1 + 2φ)− (2 + φ)ρ. (4.47)
Using the quadratic formula, solving for the positive root of Equation (4.46) gives
ρc =
βQS(φ) +
√(
βQS(φ)
)2 + 8ρ(1−φ)2
2(1−φ) . (4.48)
Since the volume fraction ranges from 0 < φ < 1 and the core material density is
positive, Equation (4.48) will give a cloaking layer density which is both positive
and real.
The results developed in Equations (4.43) and (4.48) for the quasi-static
solution of a single fluid cloaking layer are in agreement with those found in the
literature [59, 72, 73]. For the case of the bulk modulus, these results match those
developed by static analysis, and corresponds to a neutral inclusion under volumetric
changes [72]. For the density, though, the static analysis does not yield the same
solution as obtained in the quasi-static analysis [73]. Using the static analysis, the
density of the coating material is obtained from conservation of mass, but it fails
to account for the reactive motion of the surrounding fluid. The existence of this
fluid motion adds an effective inertia known as the accession to inertia, so that the
resulting effective density is higher than that of the static average density of the
interior sphere and cloaking layer [34].
These results are in agreement with other comparable acoustic cloaking work,
such as that of Zhou et al. [59]. In the work of Zhou et al., the cloaking of an isotropic
elastic sphere was developed in the quasi-static limit using a similar approach as
described in this section. The stresses and displacements were expanding using
spherical harmonics, and the analysis was performed using similar expressions to
Equations (4.30) and (4.31) to obtain the quasi-static behavior. However, unlike
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the analysis developed here, in which a linear system for the scattering coefficients
in the form of Equation (3.21) is obtained by applying the boundary conditions
at each interface, Zhou et al. used a Hashin-Shtrikman effective medium model
to determine the effective properties of a composite sphere, consisting of the core
and the cloaking layer [74]. This allowed the problem to be formulated simply as
scattering from a single isotropic elastic sphere, with the cloaking layer properties
being determined based on the expressions for those of the effective sphere. To
obtain the condition for cloaking, these effective properties are set equal to those of
the surrounding medium, which in the quasi-static limit also leads to cancellation
of the leading order scattering coefficients.
In the work presented by Zhou et al., the resulting expressions for cloaking
were left in terms of the effective moduli as a function of the core material and
cloaking layer properties. It is interesting to note that although the results given by
Zhou et al. can be solved to obtain the explicit expressions for the cloaking layer
properties given by Equations (4.43) and (4.48), they were instead left in an implicit
form in terms of the effective density and effective elastic moduli. Although such
a form can make more intuitive sense to emphasize how such a cloak behaves as a
neutral inclusion, it is arguably more important to have an explicit solution for the
necessary cloaking layer properties in terms of understanding and designing such a
cloak.
4.1.2 Thin shell approximation
Although the quasi-static solutions yield simple explicit expressions for the
cloaking layer density and bulk modulus, they are inherently limited to situations
in which the wavelength is much larger than the object and therefore cannot be
applied to higher frequencies. Alternatively, a useful approximation can be made by
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assuming that the cloaking layer is thin relative to the wavelength in the cloaking
layer, such that
kd,ca δ  1, (4.49)
where δ = b−aa is the thickness of the cloaking layer, and a and b are the inner
and outer radius of the shell, respectively. Although limited to thin shells, such an
assumption is in fact not as restrictive from a design perspective as the condition
prescribed by Equation (4.49) may seem. This is due to the fact that, for most
situations of practical interest, one would prefer a cloaking layer that does not
significantly increase the size of the scatterer. In addition, a thinner layer reduces
the risk of inducing higher order scattering harmonics.
The spherical Bessel functions containing the argument kd,cb can be rewritten
by assuming a thin shell and using a Taylor series expanded about the value kd,ca,
which to leading order gives
jn(kd,cb) = jn(kd,ca(1 + δ)) ≈ jn(kd,ca) + kd,ca δj′n(kd,ca), (4.50)
nn(kd,cb) =nn(kd,ca(1 + δ)) ≈ nn(kd,ca) + kd,ca δn′n(kd,ca). (4.51)
Similarly, the first derivative of the spherical Bessel functions can be expressed as
j′n(kd,cb) = j
′
n(kd,ca(1 + δ)) ≈ j′n(kd,ca) + kd,ca δj′′n(kd,ca), (4.52)
n′n(kd,cb) =n
′
n(kd,ca(1 + δ)) ≈ n′n(kd,ca) + kd,ca δn′′n(kd,ca). (4.53)
From Equations (4.50)–(4.53), it is important to note that, although the shell thick-
ness is assumed to be small, there is no such restriction on kd,ca, provided the
condition of Equation (4.49) is met. With the spherical Bessel functions in terms
of kd,ca, this allows the dynamics of the scattering to be retained. Substituting
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Equations (4.50)–(4.53) into Equation (4.26) and neglecting terms of order δ2 yields
[
Υnδkd,0aj′n(kd,0a)ρ
2
c +
(F ′n−ΥnFn)ρc][jn(kd,ca)n′n(kd,ca)− j′n(kd,ca)nn(kd,ca)]
−Υnδjn(kd,0a)ρc kd,ca
[
jn(kd,ca)n′′n(kd,ca)− j′′n(kd,ca)nn(kd,ca)
]
+δjn(kd,0a) (kd,ca)2
[
j′n(kd,ca)n
′′
n(kd,ca)− j′′n(kd,ca)n′n(kd,ca)
]
= 0,
(4.54)
where the coefficients Fn and F ′n are
Fn = jn(kd,0a) + kd,0a δ j′n(kd,0a), (4.55)
F ′n = kd,0a
[
j′n(kd,0a) + kd,0a δ j
′′
n(kd,0a)
]
, (4.56)
In Equations (4.54)–(4.55), the spherical Bessel functions and their deriva-
tives are grouped such that those with kd,ca in the argument are contained within
the square brackets. To write a solution for the cloaking layer density and bulk
modulus explicitly, a form is sought such that these terms in brackets can be writ-
ten in terms of algebraic functions of kd,ca. To do this, the products of the spherical
Bessel functions of the first and second kind can be reformulated as
jn(z)n′n(z)−j′n(z)nn(z) =
1
z2
, (4.57)
jn(z)n′′n(z)−j′′n(z)nn(z) = −
2
z3
, (4.58)
j′n(z)n
′′
n(z)−j′′n(z)n′n(z) =
1
z2
− n(n+1)
z4
. (4.59)
The derivation of these expressions is given in detail in Appendix B. For the case
of a single fluid cloaking layer, consideration will be limited to n=0 and n=1 only,
in which case Equation (4.59) reduces to
j′n(z)n
′′
n(z)−j′′n(z)n′n(z) =

1
z2
, n = 0,
1
z2
− 2
z4
, n = 1.
(4.60)
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Examining Equations (4.57)–(4.60), it is clear that the expressions on the
left-hand side, which contain the products of spherical Bessel functions, can be
described using only the simple algebraic quantities given on the right-hand side.
Although similar in form to those developed in Equations (4.30)–(4.33) for the low
frequency approximation, it is important to note that the relationships given by
Equations (4.57)–(4.60) are exact.
The substitution of Equations (4.57)–(4.60) into Equation (4.54) yields
Υnδkd,0aj′n(kd,0a)ρ
2
c +
[F ′n−ΥnFn + 2δΥnjn(kd,0a)]ρc
+ δjn(kd,0a)
[
(kd,0a)2
ρc
κc
− n(n+1)
]
= 0. (4.61)
Evaluating Equation (4.61) for n=0 and n=1, one obtains two equations in terms
of the two variables of interest, ρc and κc, which reduces to
Υ0δkd,0aj′0(kd,0a)ρc +
[F ′0−Υ0F0 + 2δΥ0j0(kd,0a)]+ δj0(kd,0a)(kd,0a)2 1κc = 0,
(4.62)
Υ1δkd,0aj′1(kd,0a)ρ
2
c+
[F ′1−Υ1F1+2δΥ1j1(kd,0a)]ρc + δj1(kd,0a)[(kd,0a)2 ρcκc−2
]
= 0,
(4.63)
where Υn, Fn and F ′n are given by Equations (4.25), (4.55) and (4.56), respectively.
Solving Equation (4.62) for κc as a function of ρc yields
κc =
−δ(kd,0a)2j0(kd,0a)
Υ0δkd,0aj′0(kd,0a)ρc +
[F ′0−Υ0F0+2δΥ0j0(kd,0a)] . (4.64)
Substituting this expression into Equation (4.63), a quadratic equation in ρc is
obtained,
αthinδ ρ
2
c + βthinρc − 2δj0(kd,0a)j1(kd,0a) = 0, (4.65)
where
αthin = kd,0a
[
Υ1j0(kd,0a)j′1(kd,0a)−Υ0j′0(kd,0a)j1(kd,0a)
]
, (4.66)
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βthin =
[
j0(kd,0a)F ′1−j1(kd,0a)F ′0
]− [j0(kd,0a)Υ1F1−j1(kd,0a)Υ0F0]
+ 2δj0(kd,0a)j1(kd,0a)
(
Υ1−Υ0
)
. (4.67)
When αthin and βthin are nonzero, there will be two roots of Equation (4.65) given
by
ρc =
−βthin ±
√
β 2thin + 8δ2j0(kd,0a)j1(kd,0a)αthin
2δ αthin
. (4.68)
Assuming δ  1, this expression reduces to
ρ(1)c =
2δj0(kd,0a)j1(kd,0a)
βthin
, (4.69)
ρ(2)c = −
βthin
δ αthin
, (4.70)
where the superscripts (1) and (2) denote the different roots of Equation (4.65).
Although Equations (4.64)–(4.70) are more complex that those developed
using a low frequency approximation, these expressions still enable one to explicitly
determine κc and ρc, for a fluid or isotropic elastic spherical scatterer at a specific
design frequency kd,0a and shell thickness δ. For the case of the low frequency
approximation results (Equations (4.43) and (4.48)), it was observed that κc is
independent of the core density ρ, and ρc is independent of core elastic moduli κ
and µ. Using a thin shell approximation, the results of Equations (4.64)–(4.70) can
be obtained for an arbitrary frequency kd,0a, provided that kd,caδ  1, but at these
finite frequencies κc and ρc are both dependent on ρ, κ and µ (for the case of an
isotropic elastic core material).
4.2 Cloaking of a rigid sphere
To better understand the analytic expressions for the cloaking layer prop-
erties developed in Section 4.1, the specific limiting case of a rigid, immovable core
will be considered. This limit is obtained in a two step process, first by applying
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the condition κ→∞ for a rigid scatterer, followed by taking the limit ρ→∞ for an
immovable scatterer [64]. Note that for an isotropic elastic core material, the shear
modulus can be written in terms of the bulk modulus κ and Poisson’s ratio ν,
µ =
3κ(1−2ν)
2(1+ν)
. (4.71)
With the physical bounds on Poisson’s ratio for an isotropic elastic solid limited to
−1 ≤ ν < 12 [75], taking κ→∞ corresponds to µ→∞. This process ensures the
limit kda→ 0 (and ksa→ 0 for an elastic core) is obtained, leading to the solution
for a rigid, immovable scatterer.
Taking these limits using the analysis developed in Section 3.2, the scattered
pressure for an uncloaked rigid, immovable sphere of radius a can be obtained [76]
psc(r, θ, t) = p0e−iωt
∞∑
n=0
in(2n+1)A(rigid)n h
(1)
n (kd0r)Pn(cos θ), (4.72)
where
A(rigid)n =
j′n(kd0a)
h
′(1)
n (kd0a)
, (4.73)
and p0 is the amplitude of the incident pressure.
The amplitude of the scattered field for each mode is determined by the
scattering coefficient, A(rigid)n . From Equation (4.73), it is seen that this coefficient
depends on the relative amplitudes of j′n(kd0a) and h′n(kd0a), which will vary as a
function frequency. These functions are plotted in the top panel of Figure 4.2 for
the first three modes. From this plot, it can be seen that the magnitude of the
scattering coefficient, given by the ratio |j′n(kd0a)|/|h′n(kd0a)|, varies between 0 and
1. The zeroes of the resulting scattering coefficients, which are shown in the bottom
panel of Figure 4.2, correspond to where j′n(kd0a)=0.
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Figure 4.2: Magnitude of the spherical Bessel functions (top) which make up the
numerator and denominator of the scatter coefficients for a rigid, immovable sphere
(bottom). The magnitude of the scattering coefficients are given in dB.
Although all of the modal scattering coefficients pass through zero, these
occur at different frequencies. The total scattering strength, which is the sum of
the contribution from all the modes, can therefore still be significant without these
modal nulls being apparent. Using the approach described in Section 3.2, these
modal nulls can be aligned at a single frequency, thereby eliminating the scattered
field from the leading modes.
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For the case of a rigid, immovable sphere, the low frequency solutions given
by Equations (4.43) and (4.48) become
κc = 1−φ, (4.74)
ρc =
2(1−φ)
2+φ
. (4.75)
To apply this limiting condition to the thin shell solution, it is necessary to de-
termine the limiting value of Υn. To do this, consider the expression for the low
frequency limit given by Equation (4.39). Since this expression only depends on
the the wavenumber within the core material, it is valid for any finite incident fre-
quency, provided that kda  1. Taking the limit as kda→ 0 (and ksa→ 0 for an
elastic core), it is seen that Υn→ 0 for both a fluid and an isotropic elastic core
material. Applying the condition Υ0,Υ1→0 to Equation (4.64) yields
κc =
−δ(kd,0a)2j0(kd,0a)
F ′0
. (4.76)
In this limiting case, αthin → 0, leading to only a single solution for ρc in Equa-
tion (4.65), which is given by Equation (4.69) and reduces to
ρc =
2δj0(kd,0a)j1(kd,0a)
j0(kd,0a)F ′1−j1(kd,0a)F ′0
. (4.77)
The coefficient F ′n, which is given by Equation (4.56), is independent of the core
material and therefore remains unchanged.
Equations (4.74) and (4.75) can be contrasted with the quasi-static solutions
for the normalized effective bulk modulus κeff and density ρeff of a rigid sphere coated
by a single fluid layer, which can be written as [59]
κeff =
κc
1−φ, (4.78)
ρeff = ρc
2+φ
2(1−φ) . (4.79)
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Comparing these expressions for the normalized effective properties with Equa-
tions (4.74) and (4.75) leads to κeff = 1 and ρeff = 1, illustrating that application of
the cloaking layer allows the effective behavior of the total system (spherical core
plus cloaking layer) to equal the properties of the surrounding fluid medium in the
quasi-static limit.
In the quasi-static limit, ρc and κc are only functions of the total volume
fraction φ=(ab )
3, which is illustrated in Figure 4.3. For the case of a rigid, immovable
scatterer, the normalized cloaking layer properties range from approaching zero, as
the thickness of the shell approaches zero (corresponding to b→a), to approaching
unity, as the outer shell radius approaches infinity. Due to the normalization of
the cloaking layer properties (referenced to the properties of the surrounding fluid
medium), this latter condition implies that as the cloaking layer thickness becomes
infinitely large (or conversely, the radius of the rigid scatterer becomes infinitely
small), so that the cloaking layer properties approach the values of the surrounding
medium.
As described in Section 4.1, the cloaking layer properties given by Equa-
tions (4.74)–(4.77) were developed by canceling the first two scattering modes. For
any non-zero frequencies, there will be higher order modes which will allow some
small amount of scattering to occur, even in the quasi-static limit. To determine the
overall effectiveness of such a cloaking layer at a given frequency, the total scattering
cross-section σtotal, given by Equation (3.36) and numerically calculated using the
method outlined in Section 3.4, can be used to determine the overall strength of
the scattered field with and without the cloak present. The calculation of the total
scattering cross-section is performed by summing the effects of a large (but finite)
number of scattering modes, which enables the total scattering to be accounted for,
including the contributions from the higher order scattering modes which were not
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Figure 4.3: Variation of the cloaking layer parameters as a function of the ratio
of the outer radius of the cloaking layer b to the outer radius of the scatterer a.
The cloaking layer properties, given by ρc/ρ0 (top panel) and κc/κ0 (middle panel),
represent the values which cancel the first two modes at kd,0a= 0.5 using a single
fluid plasmonic cloak coating a rigid, immovable sphere. The bottom panel gives
the scattering gain in dB, relative to the uncloaked scatterer.
cancelled. To express the relative change in σtotal that occurs with the addition of
the cloaking layer, the scattering gain can be defined as
σgain = 10 log10
[
σtotal
σ
(ref)
total
]
, (4.80)
where σtotal is the total scattering cross-section of the cloaked target, and σ
(ref)
total is
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the reference value of the total scattering cross-section, which for this case is that
of the uncloaked target.
In Figure 4.3(c), the scattering gain relative to the uncloaked rigid immovable
sphere at kd,0a=0.5. It can be seen that, using a single fluid cloaking layer, 40 dB
or more of scattering reduction can be obtained at this frequency. The overall
scattering reduction varies slightly with shell thickness, decreasing as ba increases.
This is due to the corresponding increase in kd,cb, which affects total scattering
strength due to the non-zero higher order modes, since a thicker shell shifts the
affects of the higher modes (including the fundamental shell resonances) to lower
frequencies.
To more thoroughly analyze such frequency dependent affects, the magnitude
of each scattering mode (A(0)n in the notation used in Chapter 3) can be plotted for
the uncloaked and cloaked configuration, as shown in the top and middle panels of
Figure 4.4, respectively, for the case of ba =1.10. Comparing these two panels of the
figure, the effect of adding the cloaking layer is clearly demonstrated at the design
frequency of kd,0a=0.5, where the first and second scattering modes (monopole and
dipole modes) are driven to zero. These two modes dominate the scattering in the
uncloaked case, while the higher order modes have nearly the same magnitude in the
cloaked condition as for the uncloaked scatterer. The resulting residual scattered
field at the design frequency kd,0a= 0.5 is left with the quadrupole (n= 2) as the
dominant scattering mode, and from the bottom panel of Figure 4.4 achieves a
scattering reduction of 40 dB.
An interesting characteristic of suppressing the two leading order modes,
when the cloaking layer is present, is a significant reduction in these modes away from
the design frequency. Recall that throughout the development of the cloaking layer
formulation presented in Section 4.1 and Chapter 3 focused only on the cancellation
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Figure 4.4: Scattering coefficients (in dB) for an uncloaked (top panel) and cloaked
(middle panel) rigid, immovable sphere. The cloak consists of a single fluid layer
with ba = 1.10 which cancels the first two scattering modes at kd,0a = 0.5. The
scattering gain in dB, relative to the uncloaked scatterer, is given in the bottom
panel
.
of scattering modes at a single frequency. Since each individual scattering mode is
only one term in the summation of modes producing the total scattered field, the
scattering gain is given in the lower panel of Figure 4.4 to characterize the total
scattering reduction achieved by the cloaking layer relative to an uncloaked rigid,
immovable sphere. A scattering reduction of at least 20 dB of scattering reduction
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Figure 4.5: Scattering coefficients (in dB) for an uncloaked (top panel) and cloaked
(middle panel) rigid, immovable sphere. The cloak consists of a single fluid layer
with ba = 1.10 which cancels the first two scattering modes at kd,0a= 0.5. Results
for loss factors of γ = 0 (lossless), γ = 0.001, γ = 0.01 and γ = 0.1 are shown. The
scattering gain in dB, relative to the uncloaked scatterer, is given in the bottom
panel.
over the range of kd,0a . 1 is achieved using a single fluid cloaking layer, with 40
dB of reduction occurring at the design frequency.
Thus far, only ideal conditions have been examined, namely, a lossless cloak
with the exact values needed to achieve cancellation. One of the challenges faced
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with transformation-based cloaks discussed in Section 2.1.1.2 is the high sensitivity
to perturbations in the cloak properties. These problems arise in large part because
of the requirement for large gradients in the cloak prescribed by the coordinate-
transformation, which are not required for the scattering cancellation approach. For
plasmonic cloaks, this was examined for electromagnetic waves by Alu` and Engheta
[52], who demonstrated the robustness of such cloaks by varying the losses within
the cloaking layer and surface variations of the target.
To examine the robustness of acoustic plasmonic cloaking, Figures 4.5(b)
and (c) illustrate the effect of losses within the cloaking layer on the magnitude of
the scattering coefficient and scattering gain, respectively, which is referenced to
an uncloaked (lossless) sphere. For comparison, the magnitude of the scattering
coefficient for the uncloaked is plotted in Figure 4.5(a). Losses are included in the
cloak by using a complex bulk modulus, κ′c, which is given by
κ′c = κc(1− γi), (4.81)
where γ is a dimensionless parameter which quantifies the effects of the losses. In
Figures 4.5(b) and (c), results are presented for values of γ ranging from 0 (lossless)
to 0.1 (heavily damped). It is observed that with low to moderate losses (up to
γ=0.01), an increase of only a few dB in scattering gain is observed in the vicinity
of the design frequency, which corresponds to a decrease in the cloak performance.
Note that at γ = 0.01, the null in the n= 0 mode is essentially removed, and yet
significant scattering reduction is still observed. In addition, the performance of the
cloak away from the design frequency remains nearly unchanged from the results
observed in the lossless case. Even in the extreme case of γ = 0.1, a scattering
reduction of approximately 20 dB relative to the uncloaked sphere is still achieved.
The results presented in Figure 4.5 illustrate the robustness of a plasmonic
cloak to the effects of losses in the cloaking layer. Although these results represent a
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significant reduction in scattering strength over a relatively broad frequency range,
the core properties considered here represents only a limiting case, leading to an ide-
alized condition of an impenetrable target. More generally, a penetrable target with
a finite acoustic impedance will affect the performance and the necessary cloaking
layer properties, which is investigated in the next section.
4.3 Cloaking of a fluid sphere
Taking the limiting case of a rigid, immovable core performed in the last sec-
tion enabled simplification of the analytic expressions and parametric design space,
allowing for the plasmonic cloaking behavior to be explored for a simple yet relevant
spherical scatterer. To fully explore the behavior of a single fluid cloaking layer, how-
ever, it is necessary to consider the properties of the core material, which strongly
affect the required cloaking layer properties and effectiveness in the reducing the
scattering gain.
To investigate such a configuration, the variation in the necessary cloaking
layer properties will be considered due to the normalized density ρ and bulk modulus
κ of the core material, for a fixed design frequency and layer thickness. To do this,
a surface plot can be constructed depicting the required cloaking layer property as
a function of the core material properties, which can be obtain through implicitly
solving Equation (4.26), using the expression in Equation (4.25) for a fluid core.
A demonstration of such a plot, indicating the required value of the cloaking
layer properties for a particular combination of ρ and κ, is given by Figure 4.6 for
the case of kd,0a= 0.5 and ba = 1.10, illustrating the values for ρc (top panel) and
κc (middle panel), with the magnitude denoted by a change in color. In these two
panels, values less than unity are are represented by blues and greens, and values
greater than unity are represented by yellows and reds. Due to the large range of
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Figure 4.6: Parametric plot of the optimized cloaking layer density (top panel),
cloaking layer bulk modulus (middle panel) and scattering gain (bottom panel) as a
function of the density and bulk modulus of a penetrable fluid scatterer relative to
the external fluid. The results are given for a cloaking layer with b/a = 1.10, which
cancels the first two modes at kd,0a=0.5.
the material properties illustrated in the figure, a logarithmic scale has been used
for both the core material properties (on the axes) and the cloaking layer properties
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(on the color scale). For the case illustrated in Figure 4.6, the variations in ρc
and κc change monotonically and largely dependent on only ρ and κ, respectively.
Given the moderately low frequency, this behavior is to be expected, as seen in the
quasi-static solutions presented in Equations (4.43) and (4.48).
As with the case of a rigid, immovable sphere, the density and bulk modulus
of a single fluid cloaking layer will only serve to cancel the first two scattering modes,
and the total scattering cross-section can be used to quantify the scattering strength
of the remaining higher order modes. The change in this quantity was given by the
scattering gain in Equation (4.80), which is plotted in the lower panel of Figure 4.6.
Although typically referenced to the uncloaked scatterer, the values given in the
lower panel of Figure 4.6 are normalized by the scattering strength of an uncloaked
rigid, immovable sphere. In the previous section, the uncloaked sphere considered
was rigid and immovable, which does not exhibit any internal acoustic field. For
the penetrable fluid scatterers considered here, there is an internal acoustic field
within the uncloaked sphere, which can lead to the presence of internal resonances,
particularly for cases when κρ. Depending on the particular core material prop-
erties, these resonances could occur either above or below the design frequency. Due
to the large scattered field generated near resonance for the uncloaked sphere, and
the fact that this resonance frequency will shift due to the presence of the cloaking
layer, artificially low or high scattering gain values can be obtained, which are not
due to the effectiveness of the cloaking layer. To avoid such problems, the use of an
impenetrable reference will be used, which in this case is that of a rigid, immovable
sphere of radius a.
From the lower panel of Figure 4.6, it is apparent that nearly all of the
regions throughout the parameter space show a scattering reduction of 30 dB or
more. The magnitude of the scattering reduction is relatively consistent, except in
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Figure 4.7: Slices of the parametric plots of Figure 4.6 for constant scatterer bulk
modulus of κ/κ0 = 1 (left column) and scatterer density of ρ/ρ0 = 1 (right column).
The rows depict resulting changes in the cloaking layer density (top row), cloaking
layer bulk modulus (middle row) and scattering gain (bottom row).
the vicinity of ρ near unity (in particular, when κ is also near unity), and in the
region κ<1. In the vicinity of ρ=1 and κ=1, this corresponds to the point where
the fluid sphere is the same as the surrounding fluid, leading to no scattered energy.
It is clear that for the case of ρ=1 with κ 6=1, the effects of the scattering reduction
occurs over a much broader region of the parameter space than when κ = 1 with
ρ 6=1.
To examine this phenomenon further and to understand the rapid increase in
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scattering gain occurring in the region κ<1, Figure 4.7 illustrates the required cloak-
ing layer properties and resulting scattering gain for two particular cases presented
in Figure 4.6. Specifically, these results represent slices of the multi-parameter plots
shown in Figure 4.6, taken along a constant value of κ= 1 to obtain the results in
the left column, and ρ=1 for the right column. In this figure, the exact numerical
solution is represented by the solid line, the quasi-static solution calculated using
Equations (4.43) and (4.48) is represented by the dashed line, and the thin shell
solution calculated using Equations (4.64) and (4.69) is represented by the dotted
line.
Examining Figure 4.7, one can see that there is very good agreement of the
quasi-static solution with the exact solution for describing the variation of ρc with
ρ (top left panel) and the variation of κc with κ (middle right panel). As expected,
these solutions pass through the points ρc=1 and κc=1 when ρ=1 and κ=1, which
is the trivial case of the core fluid having the same properties as the surrounding
fluid, and therefore yields cloaking layer properties also equal to the surrounding
fluid. Even at the moderately low frequency of kd,0a= 0.5 considered here, there
is coupling between the density of the core material and the bulk modulus of the
cloaking layer illustrated in the middle left panel, particularly in the regions ρ 1
and ρ1, which is not captured by the quasi-static approximation. These effects on
κc, however, are captured by the thin shell approximation, which includes an explicit
dependence on density which appears in the denominator of Equation (4.64).
Looking at the values of ρc at upper and lower extremes of ρ shown in Fig-
ure 4.6(a), it is apparent that the cloaking layer density asymptotically approaches
finite limits. Thus, in a similar manner to the limit of ρ→∞ taken in Section 4.2,
an equivalent finite value could be achieved for the limit ρ→ 0. For κc, the upper
limit of κ illustrated in the Figure 4.6(e) demonstrates a similar behavior. Taking
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Parameter Steel Aluminum Glass
Density, ρ(kg/m3) 7700 2700 2300
Bulk Modulus, κ(GPa) 170 75 39
Poisson’s Ratio, ν 0.28 0.33 0.24
Table 4.1: Properties of elastic spheres to be cloaked for the three examples consid-
ered in this section.
the lower limit of κ presents a much different result, with κc approaching infinity
as κ decreases below unity. This behavior is in excellent agreement with both the
quasi-static and thin shell approximations, and its source can clearly be identified
as a pole in Equation (4.43). From this equation, the denominator becomes zero
when κ=φ, which for ba = 1.10 corresponds to κ= 0.7513. For κ below this critical
value, the required cloaking layer bulk modulus is negative, making the plasmonic
cloaking of compliant scatterers a significant challenge. To overcome this challenge,
it is possible to use a thicker shell, since the critical value scales as (ab )
3, or to use an
anti-resonance cloaking layer, which is described in Chapter 5. Although seemingly
a strange physical phenomenon, it is actually not limited to plasmonic cloaking, and
has previously been observed in the static analysis of elastic coated spheres [72].
4.4 Cloaking of an isotropic elastic sphere
In the previous section, the analysis was limited to a fluid core material.
Many scatterers of practical interest, including metals, ceramics and plastics, are
isotropic elastic solids, and it would therefore be useful to determine the effect that
elasticity in the core material has on the cloaking layer properties. Analytic expres-
sions to include an isotropic elastic core material were developed as a general case for
an isotropic scatterer, and characterized using a coefficient, Υn. For the exact full-
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Steel Aluminum Glass
ka 0.50 0.75 1.00 0.50 0.75 1.00 0.50 0.75 1.00
ρc (kg/m
3) 103.53 98.30 91.28 138.55 129.28 117.25 152.13 141.10 126.86
κc(MPa) 295.85 287.80 276.25 300.83 293.34 282.38 307.41 299.87 288.67
Table 4.2: Properties of single fluid layer plasmonic cloak of an elastic core for
ka = 0.5, 0.75, and 1.00.
wave solution (as well as the thin shell approximation), Υn can be determined from
Equation (4.25), making it straightforward to include in the analysis of an isotropic
elastic core. It was observed in Section 4.1.1, however, that the expressions for Υ0
and Υ1 for an isotropic elastic core in the quasi-static limit are equal to those of a
fluid core with the same bulk modulus κ and density ρ. For a single cloaking layer,
when the wavelength in the surrounding fluid is on the order of the diameter or
larger, these elastic effects will be minimal on the two leading order modes (n= 0
and n= 1), and will predominantly affect the scattering from the scattering modes
for n=2 and above.
To highlight the behavior of a single fluid cloaking layer for an isotropic
elastic core, three different materials will be examined: stainless steel, aluminum
and glass. The material properties of each are obtained from Kinsler et al. [77]
and listed in Table 4.1, and in each case the surrounding medium is assumed to
be water (ρ0 = 1000 kg/m
3, and κ0 = 2.193 GPa). These materials provide a broad
range of density and elastic moduli, representing materials which are commonly
used in scientific and engineering applications, and provide significant scattering in
an aqueous environment.
To illustrate the scattering reduction obtained for each of these materials, as
well as the relative effects due to the non-zero shear modulus of the core material,
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Steel fluid Alum. fluid Glass fluid
ka 0.50 0.75 1.00 0.50 0.75 1.00 0.50 0.75 1.00
ρc (kg/m
3) 103.47 98.06 90.66 138.49 129.10 116.70 151.98 140.84 126.32
κc(MPa) 294.97 287.89 277.72 298.05 290.85 280.49 300.44 293.13 282.63
Table 4.3: Properties of single fluid layer plasmonic cloak of a fluid core for ka = 0.5,
0.75, and 1.00.
three different design frequencies will be considered: kd,0a= 0.5, kd,0a= 0.75, and
kd,0a=1.0. The properties for of the single fluid layer plasmonic cloak, determined
through numerically solving Equations (4.26) for each design frequency, are given
in Table 4.2 for the case of ba =1.05.
As a guide for comparison, the analogous results are also obtained for scatter-
ers with the same density and bulk modulus, but zero shear modulus (corresponding
to a Poisson’s ratio of 12). This represents the equivalent of a stainless steel ‘fluid’,
aluminum ‘fluid’, and glass ‘fluid’, which in the quasi-static limit produce the same
scattered field. The single fluid plasmonic cloaking properties for these fluids is
obtained in the same manner as for the cloaking of the elastic scatterers, and the
results are presented in Table 4.3 for the case of ba =1.05.
To demonstrate the effectiveness of these various cloaking configurations, the
scattering gain is plotted as a function of kd,0a in Figure 4.8 for stainless steel (top
panel), aluminum (middle panel) and glass (bottom panel). In the figure, the solid
lines denote the case of the elastic core material, and the dashed lines represent the
case of the ‘fluid’ equivalent. The results for the different plasmonic cloaking layers
for each scatterer given in Tables 4.2 and 4.3 are presented in different colors to
denote the different design frequencies: kd,0a= 0.5 (black), kd,0a= 0.75 (blue) and
kd,0a=1.0 (green).
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Examining the curves presented in Figure 4.8, it is clear that all the plas-
monic cloaks show similar trends in the overall performance, achieving 30 dB or
more of scattering reduction at the design frequency, while producing significant
reductions over a wide range of frequencies before returning to zero scattering gain
around kd,0a = 2.5 − 3.0. This figure illustrates that, by using the non-resonant
cancellation of the leading order modes, application of a simple plasmonic cloak can
achieve significant scattering reduction for common materials, which extend well
above and below the design frequency.
As observed in Figure 4.8, broadband, non-resonant scattering reduction is
not dependent on the elastic effects of the core material. However, looking in the
vicinity of the design frequencies, it can be seen that, for fluid core materials, there
is a less significant reduction as the design frequency is increased. This is to be
expected, since as the design frequency increases, the contribution from the higher
order modes increases, limiting the effectiveness of canceling only the two leading
order modes. For the cloaked elastic core materials, this is generally true as well,
but there is some distinct variations to changes in magnitude with respect to the
equivalent fluid core for aluminum and glass. For these cases, there is significantly
more scattering reduction than for the comparable fluid cores, particularly for the
cloaked aluminum with a design frequency of kd,0a= 0.5, and for the cloaked glass
with a design frequency of kd,0a=1.0.
To determine the specific modal responses of the elastic and fluid cores, Fig-
ure 4.9 shows the magnitude of the modal scattering coefficients for a ‘fluid’ glass
core (left column) and an elastic glass core (right column) using a single plasmonic
cloaking layer with a design frequency of kd,0a=1. For each case, the scattering co-
efficients are shown for the uncloaked configuration (top) and cloaked configuration
(bottom). Comparing the top row (uncloaked) with the bottom row (cloaked), the
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Figure 4.8: Scattering gain as a function of ka for a cloaked sphere of stainless
steel (top), aluminum (middle) and glass (bottom). The scattering gain is given
in dB relative to the scattering strength of the uncloaked sphere. Three plasmonic
cloaking layers are presented for each case, optimized for ka = 0.5 (red), ka = 0.75
(blue) and ka = 1.0 (green). The cloaking layer material properties for each case
are listed in Tables 4.2 and 4.3. The cloaking layer thickness ratio in all cases was
b/a = 1.05.
effect of the plasmonic cloaking layer on the first two scattering modes are clearly
illustrated, with the nulls of these two modes being aligned at the design frequency
kd,0a = 1. It is interesting to note that these nulls exist naturally in the scatter-
ing modes of the uncloaked scatterer, with each occurring at a different frequency.
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Figure 4.9: Comparison of the scattering coefficients for an elastic glass sphere (right
column), and a fluid glass sphere (left column). For each case, the first 5 scattering
coefficients are given for the uncloaked sphere (top row) and cloaked sphere (bottom
row). The cloaking layer properties are given by Table 4.2 for the elastic glass sphere,
and Table 4.3 for the fluid glass sphere.
However, it is the presence of the cloaking layer which aligns multiple nulls at a
single frequency, allowing for the significant reduction in the scattering strength to
be obtained.
Comparing the left column (fluid glass) with the right column (glass), the
effects of a non-zero shear modulus can be observed. In both the uncloaked and
cloaked cases, the n=0 and n=1 modes are nearly identical, which is in agreement
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Figure 4.10: Real part of total pressure field for an isotropic sphere of stainless
steel (left column), aluminum (middle column) and glass (right column). For each
case, the uncloaked sphere is presented in the top row, and with a plasmonic cloak
consisting of a single fluid layer with a thickness ratio of b/a = 1.05 presented in
the bottom row. The cloaking layer properties for each case are listed in Table 4.2.
The color scale for the pressure is normalized to the amplitude of the incident wave,
which is a time-harmonic plane wave traveling from left to right with a frequency
of kd,0a = 1. The length scale r is normalized by the uncloaked sphere radius a.
with the quasi-static analytic results. For the n = 2 mode, however, there is a
distinctly different location of the modal null. Although this difference is negligible
for the uncloaked cases due to the relatively high frequency at which the null occurs,
the null of the n=2 mode for the cloaked elastic glass core lies in the vicinity of the
design frequency, leading to a much larger reduction in the total scattering strength
than for the case of the fluid glass core.
Throughout the analysis thus far, the scattering gain and the magnitude of
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the scattering coefficients have been used to demonstrate the capability of a single
fluid layer plasmonic cloak to reduce the overall level of the scattered field, for
both the design frequency and the broadband behavior. Although using the total
scattering cross-section to determine the scattering gain ensures that the scattering
coefficient of the cancelled scattering modes is zero for each angle, further insight
can be gained by looking at the changes in phase which occur as a result of the
cloaking layer. To illustrate this, consider the real part of the total acoustic pressure
field (consisting of the scattered field plus the incident wave), which is illustrated
in Figure 4.10 for stainless steel, aluminum and glass in water. In this figure,
an uncloaked configuration shown in the top row, while the case of a single fluid
plasmonic cloaking layer is shown in the bottom row. In each case, a time-harmonic
incident plane wave passing from left to right is impinging upon the target at a
frequency of kd,0a=1, which also corresponds to the design frequency of the cloaking
layer. To highlight the finer phase structure, lines of constant phase are shown and
are denoted by the brown lines.
Within the region of the spherical isotropic elastic core, the pressure p is
given by
p = −1
3
(Trr + Tθθ + Tϕϕ), (4.82)
where Trr, Tθθ and Tϕϕ are the normal stresses in the r-, θ- and ϕ-direction, re-
spectively. The negative sign in Equation (4.82) is due to the fact that a positive
pressure acting on the sphere corresponds to an applied force acting on the sphere
in the negative r-direction.
From the top row of Figure 4.10, the disturbance of the incident field is
clear, which, in the absence of the uncloaked scatterers, would appear as vertical
lines of constant phase. This is in contrast with the corresponding cloaked spheres
given in the bottom row, in which application of the thin plasmonic cloaking layer
87
effectively restores the total pressure field in the surrounding medium to that of the
incident wave. In addition, this effect is clearly visible even within the nearfield,
demonstrating that the scattered field within the surrounding medium has been
sufficiently reduced. Although such effectiveness within the nearfield may seem
surprising, recall that the objective of the cloaking layer design was the cancellation
of the dominant terms of the scattering coefficient in the surrounding medium.
This critieria is range independent, and therefore effective throughout the entire
surrounding fluid.
Although the design of the cloaking layer has focused exclusively on the
cancellation of the exterior scattered field, it is clear that there is still a substan-
tial pressure field which exists within the core material. This is distinctly different
than cloaks obtained using a transformation-based method, which seek a design that
prevents the incident wave from interacting with the interior of the cloaked object.
Furthermore, it can be seen from Figure 4.10 that although the interior pressure field
is curved due to the curved contour of the object, it is in phase with incident wave.
This is due to the cancellation of the scattered field, for which the resulting magni-
tude of the total pressure acting on the outside of the cloaking layer is nearly equal
to the incident wave. Since the cloaking layer is thin and non-resonant, the pressure
is relatively uniform across the thickness of the layer, so that the pressure acting
on the interior very closely matches that of the incident wave front moving past
the cloaked object. This fidelity between the incident and interior pressure without
significantly disrupting the exterior field allows for possible applications as an ideal
acoustic sensor. This concept has successfully been developed for electromagnetic
detectors [55], and the potential for an acoustic sensor is discussed in Section 8.2.
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4.5 Comparison with a single elastic cloaking layer
Thus far, a detailed analysis of acoustic plasmonic cloaking has been pre-
sented which has focused on the use of a single fluid layer to achieve scattering
cancellation. In the present section, a basic description of a single elastic cloaking
layer will be described and compared with the results previously obtained using a
fluid layer. Although only allowing for a non-zero shear modulus, representing an
addition of a single parameter, the determinant Un (which is set equal to zero to
determine the cloaking condition for each mode) becomes significantly more compli-
cated. This is due to the fact that accounting for shear in the cloaking layer allows
for the propagation of shear waves in the layer, which adds two more scattering
coefficients and two more boundary conditions at the layer interfaces. As a result,
Un becomes the determinant of a 7×7 matrix for an isotropic elastic core (6×6 for a
fluid core), the full expressions for which can be found in Appendix A. Furthermore,
coupling between the shear and compressional modes leads to added complexity in
many of the elements of Un, making it difficult to evaluate in closed form. Although
not impossible, exact solutions do not offer simple, closed form expressions, and fail
to offer insight into the effects of elasticity within the cloaking layer.
Given the complexity of accounting for the cloaking layer elasticity using
exact relations, the analytic results developed in this section will be limited to
quasi-static results. In addition, since the cancellation of the two leading order
terms is independent of the shear properties of the core material, results can be
determined using only the core density and bulk modulus, while still being equally
valid for either a fluid or isotropic elastic core. To obtain explicit expressions for the
quasi-static cloaking layer properties, the same process will be followed as outlined
in Section 4.1.1. Applying the quasi-static approximation for the spherical Bessel
functions given by Equations (4.30)–(4.33) to each element of Un, the determinant
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can be evaluated using block matrices according to Equation (4.22) and set equal to
zero. For the limiting case under consideration here, an equivalent expression can
be obtained using static analysis for the effective bulk modulus of a coated sphere,
with the cloaking achieved when the effective bulk modulus of the core plus coating
layer is equal to the bulk modulus of the surrounding fluid [59].
Although the terms in Un given in Appendix A are defined using the cloaking
layer shear modulus µc, in the current analysis the Poisson’s ratio of the cloaking
layer νc will be used instead to characterize the shear effects. Based on the nor-
malized bulk and shear modulus of the cloaking layer, these parameters are related
by
µc =
3κc(1−2νc)
2(1+νc)
. (4.83)
In this expression, it is noted that although µc and κc have been normalized by
κ0 to yield non-dimensional quantities, νc is already dimensionless. Furthermore,
the range of µc is 0 ≤ µc < ∞, and depends on the value of κc, which is deter-
mined (in the quasi-static limit) by κ and the thickness of the cloaking layer. The
physical bounds on Poisson’s ratio for an isotropic elastic material, however, are
−1 ≤ νc ≤ 12 , with 0 < νc ≤ 12 for most naturally-occurring homogeneous materials
[75]. The upper limit νc = 12 corresponds to an incompressible material and zero
shear modulus (as seen from Equation (4.83)), which is equivalent to the solution
for an incompressible fluid.
Evaluating the resulting expression for Un = 0 at n = 0 yields a quadratic
expression for the normalized bulk modulus of the elastic cloaking layer,
α
(E)
QS κ
2
c − β(E)QS κc − γ(E)QS = 0, (4.84)
where φ =
(
a
b
)3 and
α(E)QS = 2(1−φ)(1−2νc), (4.85)
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β(E)QS =
[
2(1−2νc) + (1+νc)φ
]− [(1+νc) + 2(1−2νc)φ]κ, (4.86)
γ(E)QS = (1−φ)(1+νc)κ. (4.87)
Use of the quadratic formula yields the roots of Equation (4.84)
κc =
β(E)QS +
√(
β(E)QS
)2 + 4α(E)QSγ(E)QS
2α(E)QS
. (4.88)
From this expression, the bulk modulus of the cloaking layer is given as a function
of the core bulk modulus, the layer thickness, and the Poisson’s ratio of the cloaking
layer. In Equations (4.84)–(4.87), it is observed that α(E)QS >0 and γ
(E)
QS >0 within the
bounds of 0<φ< 1 and −1≤ νc < 12 , regardless of κ. Conversely, the sign of β(E)QS
depends on the relative difference of the two bracketed terms in Equation (4.86),
which depends on the value of κ.
Examining Equation (4.88), the coefficient β(E)QS only appears under the square
root as (β(E)QS )2≥0, which is added to the product of α(E)QS and γ(E)QS , ensuring that the
solution given by Equation (4.88) is real. Furthermore, since√(
β(E)QS
)2 + 4α(E)QSγ(E)QS ≥ ∥∥β(E)QS ∥∥, (4.89)
where ‖β(E)QS ‖ denotes the magnitude of β(E)QS . Thus, the choice of the “+” sign in
Equation (4.88) will ensure a non-negative value for κc. Although these results
are derived from the elastodynamic relationship by taking the quasi-static limit,
Equations (4.84)–(4.88) are identical to those obtained using static analysis and the
concept of a neutral inclusion [59].
The non-zero shear effects characterized by νc on κc, in addition to the
normalized core bulk modulus κ which dominated the quasi-static behavior for the
fluid layer case, are illustrated in Figure 4.11 for ba = 1.10. In this figure, the value
of κc is represented by the color scale for a given νc and κ. It is clear that over the
range 0≤νc< 12 , κc is real and positive for the entire range of κc considered.
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Figure 4.11: Parametric plot of elastic effects on the cloaking layer parameter κc in
the quasi-static limit, as a function of the cloaking layer Poisson’s ratio νc and the
core material bulk modulus κ, obtained from Equation (4.88). The different colors
represent the (dimensionless) values of κc on a logarithmic scale.
Given the expression for κc in Equation (4.88), it is clear that the resulting
behavior of the solution depends on the value and sign of β(E)QS . An important
transitional point in the behavior of κc occurs where β
(E)
QS =0. Using Equation (4.86),
this yields a value of κ under these conditions denoted by κcrit, which is given by
κcrit =
2(1− 2νc) + (1 + νc)φ
(1 + νc) + 2(1− 2νc)φ. (4.90)
This expression is denoted in Figure 4.11 by the black line. In the figure, it is
observed that this line denotes two distinct regions in the vicinity of νc near 12 .
Evaluating Equation (4.90) at νc = 12 yields κcrit = φ, which corresponds to the
critical value of κ for the case of a fluid cloaking layer, for which κc→∞.
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For the case when β(E)QS 6=0, Equation (4.88) can be expressed as
κc =
1
2α(E)QS
[
β(E)QS + ‖β(E)QS ‖
√
1 + 4 εQS
]
, (4.91)
εQS =
α(E)QSγ
(E)
QS(
β(E)QS
)2 = 2(1−2νc)(1+νc)(1−φ)2κ{[2(1−2νc)+(1+νc)φ]− [(1+νc) + 2(1−2νc)φ]κ}2 . (4.92)
From these expressions, it is observed that away from β(E)QS = 0 the value of εQS is
much less than unity. To highlight this, recall that κ= κcrit when β
(E)
QS = 0, which
based on Equation (4.90) varies over the range 0≤νc≤ 12 between
φ ≤ κcrit ≤ 2 + φ1+2φ. (4.93)
Since 0 < φ < 1, this leads to a relatively narrow range for κcrit, as illustrated in
Figure 4.11. Away from κ=κcrit, the value of εQS becomes
εQS =

2(1−2νc)(1+νc)(1−φ)2κ[
2(1−2νc)+(1+νc)φ
]2 , κ 1,
2(1−2νc)(1+νc)(1−φ)2[
(1+νc) + 2(1−2νc)φ
]2
κ
, κ 1,
(4.94)
which leads to εQS1 in both cases.
Assuming that εQS1, the expression for κc given by Equation (4.91) sim-
plifies to
κc ≈

β(E)QS
α(E)QS
, κ 1,
−γ(E)QS
β(E)QS
, κ 1.
(4.95)
From Equation (4.86), it is noted that the case of κ  1 corresponds to β(E)QS > 0,
whereas κ  1 corresponds to β(E)QS < 0. Thus, the resulting value for κc is positive
for both cases, as observed in Figure 4.11. However, a striking feature of Figure 4.11
is seen as νc→ 12 , where values of κc become increasing large for κ<κcrit, but remain
relatively constant for the region where κ<κcrit.
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To examine this difference between these two regions, consider the behavior
of the solution given by Equation (4.95). Taking the limit νc→ 12 leads to α(E)QS→0,
which from Equation (4.95) gives κc →∞ when κ  1. When κ  1, however,
κc is independent of α
(E)
QS . It is therefore unaffected by this limit and the solutions
remains finite, as observed in Figure 4.11.
In a similar manner to κc, an expression for the cloaking layer density can
be obtained from the n=1 case, which yields
ρc =
1−φρ
1− φ . (4.96)
This relationship is the same as the one obtained using conservation of mass for the
effective density of a coated sphere used in the static analysis of this configuration.
Unlike the case of a fluid layer, there is no flow of the cloaking layer, and no inertial
effects determining the required density. In addition, to achieve acoustic plasmonic
cloaking with a single elastic layer with a positive density, from Equation (4.96) it
is clear that this is only possible when ρ < ( ba)
3. For the fluid cloaking layer, there
was no limitation on the density of the core material.
To examine the effectiveness of a single elastic layer as an acoustic plasmonic
cloak, consider the limiting case of a pressure-release spherical core. This limit can
be obtained by taking ρ→ 0, and κ→ 0, for which Equations (4.88) and (4.96)
reduce to
κc =
2(1−2νc) + (1+νc)φ
2(1−φ)(1−2νc) , (4.97)
ρc =
1
1− φ, (4.98)
respectively. Using these expressions for κc and ρc as a guide, the first 5 scattering
coefficients are plotted in Figure 4.12 for an uncloaked pressure-release sphere (top
panel) and for a pressure-release sphere coated by an single elastic cloaking layer
94
0 0.5 1 1.5
−60
−40
−20
0
|A n
| (d
B)
ka
 
 
(a)
n = 0
n = 1
n = 2
n = 3
n = 4
0 0.5 1 1.5
−60
−40
−20
0
|A n
| (d
B)
ka
 
 
(b)
Figure 4.12: Scattering coefficients (in dB) for an uncloaked (top) and cloaked
(bottom) pressure-release sphere. The cloak consists of a single elastic layer with
νc=0.3 and ba =1.10, which cancels the first two scattering modes at kd,0a=0.5.
with ba =1.10 and a design frequency of kd,0a=0.5. Although cancellation of the first
two modes is achieved at the desired frequency, there are significant contributions
from higher order modes which mitigate the effectiveness of such a design, even at
the relatively low frequency considered in this example. To improve the effective-
ness, therefore, the cancellation of higher order modes must be addressed, which is
addressed in the following chapters.
95
Chapter 5
Investigation of acoustic anti-resonance cloaking
In Chapter 4, analytic expressions for the simultaneous cancellation of acous-
tic scattering modes from a coated elastic sphere were developed, and approximate
solutions were obtained for two cases: low-frequencies and thin shells, which are de-
pendent on the relative size of the object and the wavelength of the incident wave.
For frequencies beyond this range, resonances within the cloaking layer can occur
which are not accounted for using either of these approximations. Consideration of
the exact set of equations prescribing the cancellation of scattering modes allows for
these effects to be analyzed. Furthermore, the anti-resonance features of the modal
resonant structure within the cloaking layer can be utilized to cancel particular
scattering modes, in addition to the plasmonic cloaking described in the Chapter 4.
As for the case of plasmonic cloaks, this results in the alignment of multiple modal
nulls at a single design frequency. A cloaking layer which utilizes this phenomenon
is referred to in the following as an anti-resonance cloak, which will be investigated
in this chapter.
To properly account for resonances within the cloaking layer, exact solutions
for the cancellation of acoustic waves from an elastic sphere will be used. Since res-
onances can occur with both compressional and shear waves, a single cloaking layer
consisting of an isotropic elastic solid will be considered. Due to the complexity of
the resulting equations, it is not feasible to find explicit expressions for the cloak-
ing layer properties. Instead, these properties will be determined numerically, with
96
insight obtained from how these properties change with respect to different parame-
ters. The formulation of the necessary expressions to achieve cloaking are presented
in Section 5.1. Since the focus of this chapter is on establishing physical insight
into this particular type of cloak, only the simplest case of a single elastic layer
will be discussed here, though all the concepts can be applied to more complicated
configurations.
5.1 Formulation for a single elastic layer
As described in Section 3.3, the condition which must be prescribed to
achieve cloaking is A(0)n =0. From Equation (3.26), it can be seen that the value of
A
(0)
n can be expressed in terms of two quantities: Un and Vn. With Un appearing in
the numerator, the cloaking condition can be written as |Un|=0, which was utilized
in Chapter 4.
Consider an elastic sphere coated with a single elastic shell, the configuration
and geometry of which are illustrated in Figure 5.1. For this case, Equations (3.26)
and (3.27) become ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
u
(n)
11 u
(n)
12 u
(n)
13 u
(n)
14 u
(n)
15 0 0
u
(n)
21 u
(n)
22 u
(n)
23 u
(n)
24 u
(n)
25 0 0
0 u(n)32 u
(n)
33 u
(n)
34 u
(n)
35 0 0
0 u(n)42 u
(n)
43 u
(n)
44 u
(n)
45 u
(n)
46 u
(n)
47
0 u(n)52 u
(n)
53 u
(n)
54 u
(n)
55 u
(n)
56 u
(n)
57
0 u(n)62 u
(n)
63 u
(n)
64 u
(n)
65 u
(n)
66 u
(n)
67
0 u(n)72 u
(n)
73 u
(n)
74 u
(n)
75 u
(n)
76 u
(n)
77
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=0, (5.1)
where the non-zero terms are developed in Appendix A and are given by
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Figure 5.1: A time-harmonic incident plane wave in a fluid medium impinging on
an isotropic elastic core of radius a coated with a single isotropic elastic shell with
outer radius b. The surrounding medium has density ρ0 and bulk modulus κ0, and
the elastic shell has density ρc, bulk modulus κc, and shear modulus µc. The elastic
core has density ρ, bulk modulus κ and shear modulus µ.
u
(n)
11 = kd,0b j
′
n(kd,0b), (5.2)
u
(n)
12 = (kd,cb) j
′
n(kd,cb), (5.3)
u
(n)
13 = (kd,cb)n
′
n(kd,cb), (5.4)
u
(n)
14 =n(n+1) jn(ks,cb), (5.5)
u
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u
(n)
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1
2
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1
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2
(ks,cb)2
]
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}
, (5.8)
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}
, (5.29)
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}
, (5.37)
u
(n)
76 =− ρ
1
(ksa)2
[
(kda)j
′
n(kda)−jn(kda)
]
, (5.38)
u
(n)
77 =− ρ
1
(ksa)2
{[
n(n+1)−1− 1
2
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jn(ksa)−(ksa)j′n(ksa)
}
, (5.39)
with ρc=ρc/ρ0 and ρ=ρ/ρ0.
Unlike the condition |Un|=0, |Vn|=0 identifies the modal resonances, which
result in a value of A(0)n equal to unity. It is worthwhile to note that the solutions for
|Vn|= 0 do not directly relate to the condition for cloaking. However, the location
of the modal resonances within the parameter space is valuable for identifying anti-
resonances. Anti-resonances occur in between two resonances, and like the plasmonic
solutions obtained in Section 4.1 correspond to |Un|=0. For a single elastic cloaking
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layer with an elastic core, Equation (3.28) reduces to∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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=0, (5.40)
where the only differing terms from those in Un are v
(n)
11 and v
(n)
21 , which are given
by
v
(n)
11 = − kd,0b n′n(kd,0b), (5.41)
v
(n)
21 =
1
2
nn(kd,0b), (5.42)
Equations (5.1) and (5.40) could be expanded using the analytic techniques
described in Section 4.1, yielding expressions analogous to Equation (4.26). How-
ever, without the further simplifications of either quasi-static conditions or a thin
shell, an expression of this form does not allow for explicit solutions in terms of the
cloaking layer properties. These simplifications preclude capturing resonant behav-
ior, thus solutions for the anti-resonance cloaking layer properties must be solved
implicitly. To do this, Equation (5.1) can be solved for N cloaking layer properties
by prescribing |Un| = 0 for the first N modes at the same design frequency, with
the remaining cloaking layer material properties and geometric variables treated as
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independent parameters. This gives a system of N equations with N unknowns,
|U0(x1, x2, . . . , xN )| = 0,
|U1(x1, x2, . . . , xN )| = 0,
...
|UN (x1, x2, . . . , xN )| = 0, (5.43)
where x1, x2, . . . , xN are the cloaking layer properties to be determined. Note that
the cloaking layer properties in Equation (5.1) appear within the arguments of spher-
ical Bessel functions, which are multiplied together with spherical Bessel functions
containing other cloaking layer properties. Thus, Equation (5.43) represents a non-
linear system of equations, for which various numerical solution techniques exist. In
this work, this system is solved using the fsolve function in MATLAB, which utilizes
a nonlinear least-squares algorithm [70].
5.2 Anti-resonance cloaking of a rigid sphere
To investigate the nature of anti-resonance cloaks further, consider the limit-
ing case of a rigid, immovable sphere which was considered in Section 4.2. Although
many different combinations of anti-resonance alignment are possible, the combi-
nations of interest here are those which build upon the effectiveness of plasmonic
cloaking, with the objective of using these anti-resonances to cancel more modes
than otherwise possible.
5.2.1 Determining anti-resonance behavior
For a rigid, immovable sphere, plasmonic cloaking was demonstrated with
a fluid layer in Section 4.2. However, the presence of an elastic layer presents a
potential problem. As observed in Section 4.5, use of the quasi-static solution showed
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Figure 5.2: Parametric study of the solutions satisfying |Un|=0 for a rigid, immov-
able sphere coated in a single elastic cloaking layer with νc = 0.49 and
b
a
= 1.30 at
kd,0a=1.0. In (a), |U0|=0 is solved for κc as a function of ρc. In (b), the magnitude
of |U1| and |V1| are plotted as a function of ρc.
that achieving a plasmonic cloak which cancels the first two scattering modes is only
possible when ρ < ( ba)
3. This means that, based on the analysis in Chapter 4, a
plasmonic cloak cannot be achieved for a rigid, immovable sphere (for which ρ→∞).
Despite this limitation on ρ, it was noted in Section 4.5 that there was no
restrictions on the compressibility of the core material. Since the monopole (n=0)
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Parameter 1st Anti-Res. 2nd Anti-Res. 3rd Anti-Res.
ρc/ρ0 0.4656 2.5767 9.8060
κc/κ0 0.4852 0.5352 0.7191
νc 0.49 0.49 0.49
Table 5.1: Material properties of a single elastic cloaking layer designed at kd,0a=1.0
with
b
a
=1.30 for a rigid, immovable sphere.
mode is dominated by κ, this suggests that the values of κc developed for a plasmonic
cloak should still lead the same non-resonant cancellation for this particular mode.
To achieve cancellation of the n= 0 and n= 1 simultaneously, an anti-resonance of
the n=1 mode can be aligned with the non-resonant null in the n=0 mode.
Although an initial guess of κc can be based on a fluid plasmonic cloak,
there is no basis for an initial guess of ρc. In addition, since the nulls in this
particular case arise from a resonance phenomenon, there can potentially be an
infinite number of solutions giving rise to significantly different values of ρc. To
examine how these various solutions vary with ρc, Figure 5.2 shows κc, |U1| and
|V1| plotted versus ρc. Figure 5.2(a) shows the value of κc for a given ρc, obtained
by solving Equation (5.43) with n=0, using the plasmonic value of κc as an initial
guess, at kd,0a = 1.0 with b/a = 1.30 and νc = 0.49. Using these layer properties,
the magnitude of |U1| and |V1| can be calculated, as shown in Figure 5.2(b). From
Figure 5.2(b), the layer properties which achieve cancellation of both n = 0 and
n=1 correspond to the points where |U1|=0, which are denoted by the red circles.
Similarly, modal resonances for n = 1 can be determined from the points where
|V1|=0, which are denoted by the blue x’s.
Over the range of ρc shown in Figure 5.2, there are three points for which
|U0|= |U1|=0, corresponding to the first three anti-resonances and give three possi-
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Figure 5.3: Magnitude of the scattering coefficients (in dB) for a rigid, immovable
sphere: (a) uncloaked, (b) cloaked using the first anti-resonance, (c) cloaked using
the second anti-resonance, and (d) cloaked using the third anti-resonance. All the
cloaks consist of a single elastic layer with νc=0.49 and
b
a
=1.30, designed to cancel
the first two modes at kd,0a=1.0, with the material properties listed in Table 5.1.
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ble anti-resonance cloaks. The cloaking layer properties for each case are listed in
Table 5.1. To examine these three anti-resonance cloaks, the magnitude of the first
5 scattering coefficients are displayed in Figure 5.3. Figure 5.3(a) shows the scat-
tering coefficients for an uncloaked rigid, immovable sphere. Without any coating,
it is clear that there are no nulls present over the range of kd,0a shown.
In Figure 5.3(b), cancellation occurs in the scattering coefficients at kd,0a=
1.0 for n= 0 and n= 1. For n= 0, this is a non-resonant null, similar to those seen
in plasmonic cloaks. For n=1, the null at kd,0a=1.0 which corresponds to the first
anti-resonance and is denoted by a black arrow. Although resonances are present
within the frequency band shown, it can be seen that the the first modal resonance
for n= 1 occurring near kd,0a= 0.55, away from the anti-resonance at kd,0a= 1.0.
In Figure 5.3(c), however, there is a resonance much closer to the anti-resonance
at kd,0a= 1.0. Furthermore, it can be observed that there are two anti-resonances,
which are denoted by the black arrows. In this case, the second anti-resonance is
aligned with the non-resonant null for the n= 0 mode to create the anti-resonance
cloak.
In Figure 5.3(d), the first three anti-resonances in the n=1 mode are denoted
with a black arrow. In this case, the third anti-resonance is used to cancel the scat-
tering coefficient at kd,0a= 1.0. Comparing Figures 5.3(b)–(d), it can be seen that
the available cloaking bandwidth decreases significantly as higher anti-resonances
are used. In addition to the presence of more resonances which accompany these
anti-resonances, a more significant effect is the shift in the location of the resonance
upwards in frequency towards the associated anti-resonances, due to the observed
reduction in bandwidth. This effect is quite extreme using the second anti-resonance
or above, effectively limiting the cancellation to a very narrow notch, as illustrated
in Figures 5.3(c) and (d). This indicates that cloaks designed using these higher
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Figure 5.4: Parametric study of the solutions satisfying |Un|=0 for a rigid, immov-
able sphere coated in a single elastic cloaking layer with
b
a
=1.30 at kd,0a=1.0. In
(a), |U0|= 0 is solved for κc as a function of ρc. In (b), the magnitude of |U1| is
plotted as a function of ρc. Results are shown for νc=0.495 (red), νc=0.490 (blue),
νc=0.450 (green), and νc=0.300 (magenta).
anti-resonances may be less robust in the presence of losses.
5.2.2 Effects of elastic shear within the cloaking layer
Based on the results presented in Figures 5.2 and 5.3, and tabulated in
Table 5.1, it is clear that, despite the existence of a large number of possible anti-
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Parameter Case 1 Case 2 Case 3 Case 4
ρc/ρ0 0.3640 0.4656 1.2311 4.3596
κc/κ0 0.4858 0.4852 0.4791 0.4571
νc 0.495 0.490 0.450 0.300
Table 5.2: Material properties of a single elastic cloaking layer designed at kd,0a=1.0
with
b
a
=1.30 for a rigid, immovable sphere, based on the first anti-resonance of the
n=1 mode.
resonances, it is the lowest anti-resonances that are of most interest for practical ap-
plications. Thus, it is important to examine how these fundamental anti-resonances
depend on the cloaking layer properties. As noted in Table 5.1, the anti-resonance
cloaking results investigated up until this point were at νc=0.49. This represents a
nearly incompressible elastic solid, with a very low shear modulus compared to the
bulk modulus and correspondingly low shear wave speed. With a low shear wave
speed, this allows for resonance and anti-resonance modal patterns to be present in
the layer for higher modes, while retaining the non-resonant compressibility effects
of the monopole mode.
To examine the effects of the shear properties of the cloaking layer, Figure 5.4
presents the κc and |U1| as a function ρc for several values of νc. These results are
obtained in the same manner as those presented in Figure 5.2, which are plotted in
blue (νc=0.49) in Figure 5.4. From Figure 5.4(a), there is slight decrease observed
in the overall magnitude of κc with decreasing values of νc (corresponding to an
increase in µc). Such a variation is to be expected, since an increase in the shear
modulus produces an increase in the effective compressibility due to the Poisson
effect, thereby leading to a lower value of κc required to yield the same effective
stiffness. Besides this modest reduction in the overall magnitude, however, the
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overall functional dependence of κc on ρc does not change with νc.
In Figure 5.4(b), the magnitude of |U1| is plotted versus ρc for each value
of νc. In each case, the first zero crossing (i.e. first anti-resonance) is highlighted
with a circle. From this figure, it is seen that there is strong dependence of the
solutions for |U1|= 0 on νc. In particular, it is observed that the number of zero
crossings increases as νc→ 0.5, while the corresponding ρc at which the first zero-
crossing occurs decreases. The resulting cloaking layer properties based on the first
anti-resonances for each Poisson’s ratio are listed in Table 5.2.
Although the first anti-resonances show a distinct trend in Figure 5.4(b),
this figure shows the importance of understanding which anti-resonances are being
sought and determining an accurate initial guess. This is highlighted by the fact
that in the figure, the first anti-resonance with νc = 0.45 is nearly identical to the
second anti-resonance with νc = 0.49. The corresponding values of κc are very
close, yet previous results clearly indicate that the achievable bandwidth would be
significantly reduced by using the second anti-resonance.
Even using only the first anti-resonance, the bandwidth of an anti-resonance
cloak can be significantly affected by the value of νc. The magnitude of the first five
scattering coefficients are illustrated in Figure 5.5(a)–(c) for νc=0.3, 0.45 and 0.49,
respectively. As νc increases from νc = 0.3 in (a) to νc = 0.45 in (b) and νc = 0.49
in (c), there is significant movement of the resonance peak away from the anti-
resonance null at kd,0a= 1.0. By comparison, the changes in the monopole appear
almost negligible when plotted on the decibel scale shown in the figures. With
respect to the cancellation of the first two modes, it is clear that the bandwidth
steadily improves as νc→0.5.
Although the anti-resonance cloaking layers illustrated in Figure 5.5(a)–(c)
were designed based on minimizing contributions from the n= 0 and n= 1 modes,
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Figure 5.5: Magnitude of the scattering coefficients (in dB) for a rigid, immovable
sphere cloaked using a single elastic layer with
b
a
= 1.30 and: (a) νc = 0.3, (b)
νc = 0.45, (c) νc = 0.49. The cloaks are designed to cancel the first 2 modes at
kd,0a= 1.0, with the material properties listed in Table 5.2. The scattering gain in
dB, relative to the uncloaked scatterer, is given for (d) νc = 0.3, (e) νc = 0.45, (f)
νc=0.49.
it is important to recall that the n≥2 modes also contribute to the total scattered
field. With an anti-resonance cloak, these higher modes can provide a significant
source of the scattering, especially in the vicinity of the modal resonances for these
modes. These effects are observed in Figure 5.5(a)–(c), in which the first resonance
of the higher modes start off above kd,0a = 1.0 for νc = 0.3, and are significantly
reduced in frequency as the resonance of the n= 1 mode is decreased. As a result,
there are certain configurations for which the resonances of the higher order modes
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Figure 5.6: Parametric study of the solutions satisfying |Un|=0 for a rigid, immov-
able sphere coated in a single fluid cloaking layer with
b
a
= 1.30 at kd,0a= 1.0. In
(a), |U0|= 0 is solved for κc as a function of ρc. In (b), the magnitude of |U1| and
|V1| are plotted as a function of ρc.
occur at kd,0a=1.0, which occurs in this example when νc=0.45.
To quantify the total effect of each scattering mode and the overall change
in scattering strength compared to an uncloaked scatterer, the scattering gain is
given in Figure 5.5(d)–(f) for νc=0.3, 0.45 and 0.49, respectively. In Figure 5.5(d)
and (e), it is apparent that the resulting anti-resonance cloak fails to provide any
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reduction in scattering gain. This is due to the close proximity of the n=2 resonance
to kd,0a= 1.0. However, by moving the resonances of the n≥ 1 modes well below
kd,0a = 1.0, about 15 dB of scattering reduction can be achieved at the design
frequency over a wide bandwidth using νc=0.49, as shown in Figure 5.5(f).
5.2.3 Limiting case of a fluid cloaking layer
It is clear from the analysis that νc close to 0.5 yields the best performance
for an anti-resonance cloak in the case of a rigid, immovable sphere. It is therefore
of interest to compare these results with those of a fluid cloaking layer, which is
equivalent to having νc=0.5, with no shear waves present in the cloaking layer. In a
similar manner to the elastic cloaking layer, κc and |U1| are presented as a function
of ρc in Figure 5.6(a) and (b), respectively. As expected, κc is nearly identical to
the one obtained with νc close to 0.5, which are shown in Figure 5.4(a).
Figure 5.6(b), in contrast, is significantly different compared with the results
in Figure 5.4(b). For the case of a fluid cloaking layer, there is only one solution
for which |U1| = 0, occurring in a region for which |Vn| 6= 0. This indicates that
the only available solution corresponds to a non-resonant plasmonic cloak, and that
no anti-resonance solution exists. To confirm this, the magnitude of the first 5
scattering coefficients are plotted in Figure 5.7 using the solution for |U0|= |U1|=0.
This illustrates that the first two scattering modes are cancelled using non-resonant
nulls, which is indicative of a plasmonic cloak as described in Chapter 4.
5.3 Anti-resonance cloaking of an elastic sphere
For some applications, non-rigid scatterers must be considered, which can
significantly affect the scattering reduction achieved with an anti-resonance cloak as
well as the necessary cloaking layer properties. As was discovered in the previous
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Figure 5.7: Magnitude of the scattering coefficients (in dB) for a rigid, immovable
sphere: (a) uncloaked, and (b) cloaked using a single fluid layer with
b
a
= 1.30,
designed to cancel the first two modes at kd,0a=1.0.
section, an anti-resonance cloak for a rigid, immovable sphere requires a wide range
of cloaking layer densities, depending on the shear properties of the layer and anti-
resonance utilized. It is therefore expected that such a cloak might also be sensitive
to the density of the core material. In addition, it is important to consider the
potential existence of plasmonic cloaking effects when ρ < ( ba)
3, which was not
applicable for the case of the rigid, immovable sphere with an elastic cloaking layer
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Figure 5.8: Parametric study of the solutions satisfying |Un|=0 for a stiff, neutrally
buoyant sphere coated in a single elastic cloaking layer with νc=0.4884 and
b
a
=1.30
at kd,0a = 1.0. In (a), |U0| = 0 is solved for κc as a function of ρc. In (b), the
magnitude of |U1| and |V1| are plotted as a function of ρc. In (c), the magnitude of
|U2| and |V2| are plotted as a function of ρc.
discussed in Section 5.2.
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Parameter Water Stiff, Neutrally Buoyant Air
Density, ρ(kg/m3) 1000 1000 1.21
Bulk Modulus, κ(GPa) 2.19 419 1.42× 10−4
Shear Modulus, µ(GPa) 0 175 0
Table 5.3: Material properties of spheres to be cloaked in Sections 5.3 and 5.4.
To examine these factors, one can consider the case of a stiff, neutrally
buoyant sphere in water, the properties of which are given in Table 5.3. For this
example, the bulk modulus is much larger than that of the surrounding water,
behaving almost like a rigid target with respect to the compressibility. Unlike the
immovable sphere, the density in this case is not only finite but equal to that of
the surrounding water. In addition to providing insight into the nature of anti-
resonance cloaking, this example represents a situation of practical importance, since
a primary design objective for many underwater vehicles and submerged structures
is achieving the stiffness to withstand large hydrostatic pressures while maintaining
a near-neutral buoyancy to enable movement through the water.
To determine the values of ρc which can be used to create an anti-resonance
cloak, κc, |U1| and |U2| are plotted versus ρc in Figure 5.8 (a)–(c), respectively.
From Figure 5.8 (a), the κc based on |U0|= 0 matches the results observed for the
rigid, immovable sphere. Given that the neutrally buoyant sphere considered here
has such a large compressibility, this is to be expected. Examining Figure 5.8 (b)
and (c), there are two distinct points where |Un|= 0 for each mode over the range
of ρc shown. In particular, the first zeros in (b) and (c), which are highlighted by a
black arrow, occur at the same value of ρc. As a result, an anti-resonance cloak for
this particular configuration provides cancellation of the first three modes (n=0, 1,
and 2) using a single elastic layer, with the properties listed in Table 5.4.
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Parameter Stiff, Neutrally Buoyant Vaccuum Air
ρc/ρ0 0.7461 3.9148 3.9183
κc/κ0 0.4934 6.3811 6.3879
νc 0.4884 0.3 0.3
Design kd,0a 1.0 1.75 1.75
Table 5.4: Properties of a single elastic cloaking layer with
b
a
=1.30 for the different
core materials examined in Sections 5.3 and 5.4.
To examine the frequency dependence in this case, the magnitude of the first
5 scattering coefficients are presented in Figure 5.9(a) and (b) for the uncloaked and
cloaked configurations, respectively. As seen in Figure 5.8, the first three scattering
modes are cancelled at kd,0a=1.0. As with the rigid, immovable sphere, the choice of
νc=0.4884 in this case produces an anti-resonance cloak with a sufficient bandwidth
over which the scattering strength is reduced, as illustrated in Figure 5.9(c). In
Figure 5.9(c), the benefits of canceling the first three modes while moving the modal
resonances away from the design frequency are readily apparent, with nearly 40 dB of
scattering reduction achieved relative to the uncloaked scatterer. To independently
verify these results, a numerical simulation using COMSOL was implemented, as
described in Appendix C. The results of this analysis are given in Figure 5.9(c),
showing excellent agreement with the theoretical solution developed in this section.
To illustrate this further, the real part of the total pressure field is shown in
Figure 5.10(a) and (b) for the uncloaked and cloaked configurations, respectively.
In these plots, the incident wave is a time harmonic plane wave moving from the
bottom to the top of the figure. For the uncloaked stiff, neutrally buoyant sphere,
disruption in the phase fronts of the incident wave due to the presence of the scatterer
are apparent. With the addition of the anti-resonance cloaking layer, the incident
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Figure 5.9: Magnitude of the scattering coefficients (in dB) for a stiff, neutrally
buoyant sphere: (a) uncloaked, and (b) cloaked using a single elastic layer with
νc=0.4884 and
b
a
=1.30, designed to cancel the first two modes at kd,0a=1.0, with
the material properties listed in Table 5.4. The scattering gain in dB, relative to
the uncloaked scatterer, is given in (c) for the exact theoretical solution and using
finite elements (COMSOL).
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Figure 5.10: Real part of total pressure field for a stiff, neutrally buoyant sphere: (a)
uncloaked, and (b) cloaked using a single elastic layer with νc=0.4884 and
b
a
=1.30,
designed to cancel the first two modes at kd,0a= 1.0, with the material properties
listed in Table 5.4. The color scale for the pressure is normalized to the amplitude
of the incident wave, which is a time-harmonic plane wave traveling from bottom to
top with a frequency of kd,0a = 1.0.
wave passes around the target nearly unaffected. It is interesting to note that
even though there are standing shear waves within the cloaking layer, there are no
significant pressure gradients observed in Figure 5.10(b). Based on the similarity of
the scattering coefficients (and scattering gain) for the anti-resonance cloak shown
in Figure 5.9 and those of plasmonic cloaks examined in Chapter 4, this apparently
non-resonant pressure field within the cloaking layer is not surprising.
5.4 Anti-resonance cloaking of a hollow sphere
Based on the results using an anti-resonance cloak for the stiff, neutrally
buoyant sphere, it is clear that cancellation of the first three modes with a single
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Figure 5.11: Parametric study of the solutions satisfying |Un| = 0 for a hollow
(pressure-release) sphere coated in a single elastic cloaking layer with νc = 0.3 and
b
a
= 1.30 at kd,0a= 1.75. In (a), |U0|= 0 is solved for κc as a function of ρc. In (b),
the magnitude of |U1| and |V1| are plotted as a function of ρc. In (c), the magnitude
of |U2| and |V2| are plotted as a function of ρc.
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layer can yield a significant reduction in the scattering strength. As mentioned in
Section 5.2.1, plasmonic cloaks are limited to the case when ρ < ( ba)
3 when using
a single elastic layer. A practical example of such a target is that of a hollow
(pressure-release) sphere, which was considered in Section 4.5.
For the case of a pressure-release sphere, the parametric study in terms of
ρc is presented in Figure 5.11 at kd,0a= 1.75. Although κc does vary linearly with
ρc as observed in the scatterers analyzed in Sections 5.2 and 5.3, the magnitude of
κc is significantly larger than in the previous cases, which is in agreement with the
results observed for plasmonic cloaks. Examining |U1| and |U2| in Figure 5.11(b) and
(c), respectively, the zero crossings for both occur at the same value of ρc, verifying
that this choice of an anti-resonance cloak (the properties of which are tabulated in
Table 5.4) will cancel at least the first three scattering modes.
To determine the effectiveness of this cloak, the magnitude of the first 6
scattering coefficients are given in Figure 5.12(a) and (b) for the uncloaked and
cloaked configurations, respectively. With the anti-resonance cloak, it can be seen
that the first 4 scattering modes are successfully cancelled at kd,0a= 1.75, leaving
the n=4 mode as the dominant contribution to the scattering strength.
To quantify the scattering reduction achieved using this anti-resonance cloak,
it is important to consider what reference level is desired. The natural choice for the
scattering reduction for a cloaked target is to compare it to the uncloaked scattering
strength, which is shown in the dashed black line in Figure 5.12(c). However, very
compliant targets, such as a pressure-release sphere, exhibit a large low frequency
monopole response, which is evident upon inspection of in Figure 5.12(a). The
simple act of adding a stiff coating eliminates this effect. Since the cloaking layer
used is stiff and dense when compared to the surrounding fluid, comparison of the
cloaked object’s response to that of a stiff target might be worthwhile. The scattering
120
0 0.5 1 1.5 2 2.5 3
−60
−40
−20
0
|A n
| (d
B)
ka
 
 
(a)
n = 0
n = 1
n = 2
n = 3
n = 4
n = 5
0 0.5 1 1.5 2 2.5 3
−60
−40
−20
0
|A n
| (d
B)
ka
 
 
(b)
n = 0
n = 1
n = 2
n = 3
n = 4
n = 5
0 0.5 1 1.5 2 2.5 3
−40
−20
0
20
40
ka
σ
ga
in
 
(dB
)
 
 
(c)
Ref. to pressure−release
Ref. to rigid
Figure 5.12: Magnitude of the scattering coefficients (in dB) for a hollow (pressure-
release) sphere: (a) uncloaked, and (b) cloaked using a single elastic layer with
νc = 0.3 and
b
a
= 1.30, designed to cancel the first 4 modes at kd,0a = 1.75, with
the material properties listed in Table 5.4. The scattering gain (in dB) is given in
(c), referenced to the scattering strength of a pressure-release sphere (dashed) and
a rigid sphere (solid).
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gain using the scattering strength of a rigid sphere as a reference is therefore also
plotted in Figure 5.12(c), and is represented by a black solid line.
Comparing these two ways of expressing the scattering strength, it can be
seen that the most significant difference occurs at low frequencies, for which the
pressure-release referenced results suggest that there is a significant scattering re-
duction. This is somewhat deceiving, since almost any stiff coating would produce
a similar result. It is therefore decided that the rigid sphere reference should be
used when inspecting the utility of a layer to cloak a compliant scatterer, since this
metric provides a better indication of the scattering reduction achieved. Examining
the scattering gain, it is noted that the reduction is only about 25 dB (relative to a
rigid sphere) at kd,0a=1.75, even though the first 4 scattering modes are cancelled.
From Figure 5.12(b), it is seen that the scattering reduction is limited by the relative
proximity of the n=4 modal resonance to kd,0a=1.75.
Finally, it is worthwhile to inspect the usefulness of an anti-resonance cloak
design for a commonly encountered example of scattering from a compliant sphere:
a spherical air bubble in water. Due to the large difference in density and bulk
modulus between these two fluids, the air bubble in this case appears very similar
to that of a pressure-release surface. Inspecting the properties given in Table 5.4,
the difference in the cloaking layer parameters between a pressure-release (vaccuum)
and air is only about 0.1%.
To highlight this simiarlity, the results of Figure 5.12 are replotted for an air
bubble in water in Figure 5.13. Examining each mode in the uncloaked and cloaked
configuration confirms the similar nature of the case of a pressure-release sphere and
an air bubble in water. The only apparent difference in the case of the air bubble
is presence of very narrow resonances occurring through the entire frequency band.
Upon a closer examination, these resonances originate in the uncloaked air bubble,
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Figure 5.13: Magnitude of the scattering coefficients (in dB) for a spherical air
bubble in water: (a) uncloaked, and (b) cloaked using a single elastic layer with
νc = 0.3 and
b
a
= 1.30, designed to cancel the first 4 modes at kd,0a = 1.75, with
the material properties listed in Table 5.4. The scattering gain (in dB) is given in
(c), referenced to the scattering strength of a pressure-release sphere (dashed) and
a rigid sphere (solid).
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Figure 5.14: Real part of total pressure field for a spherical air bubble in water: (a)
uncloaked, and (b) cloaked using a single elastic layer with νc = 0.3 and
b
a
= 1.30,
designed to cancel the first 4 modes at kd,0a = 1.75, with the material properties
listed in Table 5.4. The color scale for the pressure is normalized to the amplitude
of the incident wave, which is a time-harmonic plane wave traveling from bottom to
top with a frequency of kd,0a = 1.75.
and correspond to the modal resonances within the air bubble itself. It is worth
noting that losses in true systems will likely eliminate these internal resonances.
To demonstrate the effectiveness of this anti-resonance cloak at kd,0a=1.75,
the real part of the total pressure field is presented in Figure 5.14(a) and (b) for an
uncloaked and cloaked air bubble in water, respectively. In the uncloaked case, the
incident field is significantly disrupted due to the scattering from the air bubble.
With the cloaking layer, it can be seen that the incident field is restored, with only
minimal disruption occurring in the nearfield of the air bubble.
Although only a single elastic layer was investigated here, the principles
developed in this chapter can readily be applied to more complex configurations.
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Using an elastic cloaking layer, it was shown that manipulation of shear proper-
ties enables the use of modal anti-resonances to achieve additional cancellation of
scattering modes beyond the non-resonant modes utilized in plasmonic cloaks.
In this chapter, the use of anti-resonances within an elastic layer were shown
to be able to increase the number modes which could be eliminated by a single
layer cloak. By increasing the number of modes which were cancelled, it was shown
that this increased the scattering reduction of the cloaking layer at a given design
frequency, and allowed for higher design frequencies to be considered. The next
step, therefore, is to examine the effects of adding additional layers, and how this
can be used to further increase the number of modes which can be eliminated, which
is the topic of the next chapter.
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Chapter 6
Investigation of acoustic plasmonic cloaking using
multiple layers
The most practical means to achieve the cancellation of multiple higher
order modes is to consider a plasmonic cloak design consisting of multiple layers.
To investigate the necessary layer properties, an analytic solution is developed for
the special case consisting of two fluid layers, which is presented in Section 6.1.
Although the usefulness of analytic techniques for multilayered cloaks is limited by
the increasing complexity of the corresponding expressions, an approximate solution
for two thin layers can guide the design of more complicated configurations, as
developed in Section 6.2. The nature of this solution is considered first for the
case of a rigid, immovable sphere in Section 6.3, followed by a consideration of
elasticity in Section 6.4 in both the core and the outer cloaking layer. These results
are expanded to include multiple alternating fluid and elastic layers in Section 6.5,
using the solution for two thin fluid layers as a guide.
6.1 Exact analytic expressions
In this section, a multilayered acoustic plasmonic cloak consisting of two fluid
shells will be considered. Although at first glance this may appear to represent only a
modest increase in complexity over the single layer solutions developed in Chapter 4,
there are several important novel features compared to the single layer case. First,
the cloaking properties for each of the two fluid layers are significantly different
from each other, and from those of a single layer. Understanding these differences is
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Figure 6.1: A time-harmonic incident plane wave in a fluid medium impinging on an
isotropic elastic core of radius a coated in two concentric shells of uniform thickness
with outer radius b. The surrounding medium has density ρ0 and bulk modulus κ0,
and the elastic core has density ρ, bulk modulus κ and shear modulus µ.
important for the development of more complicated multilayered acoustic plasmonic
cloaks. Second, due to the increased complexity of the expressions and to the
presence of additional cloaking layer parameters, the analytic formulation developed
for two fluid layers does not reduce down to compact, explicit expressions, as was
achieved for a single layer. Instead, a system of coupled equations is developed that
can be solved implicitly, generalizeable to multilayered configurations. Finally, the
two layer acoustic plasmonic cloak demonstrates that the addition of more layers
allows for the simultaneous cancellation of more modes, which is a key benefit of
using a plasmonic cloak consisting of multiple isotropic layers.
To develop an analytic solution, the same process as described in Section 4.1
will be followed to produce an expression for the cloaking condition of the nth mode
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in terms of the cloaking layer properties. For the case of an isotropic elastic core
coated with two fluid layers consistent with Figure C.1, Equation (4.1) becomes∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
u
(n)
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(n)
12 u
(n)
13 0 0 0 0
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(n)
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0 u(n)32 u
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33 u
(n)
34 u
(n)
35 0 0
0 u(n)42 u
(n)
43 u
(n)
44 u
(n)
45 0 0
0 0 0 u(n)54 u
(n)
55 u
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56 u
(n)
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0 0 0 u(n)64 u
(n)
65 u
(n)
66 u
(n)
67
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(n)
77
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=0, (6.1)
where the non-zero terms are given by
u
(n)
11 = kd,0b j
′
n(kd,0b), (6.2)
u
(n)
12 = kd,c1b j
′
n(kd,c1b), (6.3)
u
(n)
13 = kd,c1b n
′
n(kd,c1b), (6.4)
u
(n)
21 = jn(kd,0b), (6.5)
u
(n)
22 = ρc1 jn(kd,c1b), (6.6)
u
(n)
23 = ρc1 nn(kd,c1b), (6.7)
u
(n)
32 = kd,c1b1 j
′
n(kd,c1b1), (6.8)
u
(n)
33 = kd,c1b1 n
′
n(kd,c1b1), (6.9)
u
(n)
34 = kd,c2b1 j
′
n(kd,c2b1), (6.10)
u
(n)
35 = kd,c2b1 n
′
n(kd,c2b1), (6.11)
u
(n)
42 = ρc1 kd,c1b1 jn(kd,c1b1), (6.12)
u
(n)
43 = ρc1 kd,c1b1 nn(kd,c1b1), (6.13)
u
(n)
44 = ρc2 kd,c2b1 jn(kd,c2b1), (6.14)
u
(n)
45 = ρc2 kd,c2b1 nn(kd,c2b1), (6.15)
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u
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54 = kd,c2a j
′
n(kd,c2a), (6.16)
u
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55 = kd,c2an
′
n(kd,c2a), (6.17)
u
(n)
56 = −kda j′n(kda), (6.18)
u
(n)
57 = −n(n+1) jn(ksa), (6.19)
u
(n)
64 = ρc2 jn(kd,c2a), (6.20)
u
(n)
65 = ρc2 nn(kd,c2a), (6.21)
u
(n)
66 =2ρ
{[
n(n+1)
(ksa)2
− 1
2
]
jn(kda)− 2 kda(ksa)2 j
′
n(kda)
}
, (6.22)
u
(n)
67 =2ρ
n(n+1)
(ksa)2
[
ksaj
′
n(ksa)−jn(ksa)
]
, (6.23)
u
(n)
76 = kda j
′
n(kda)−jn(kda), (6.24)
u
(n)
77 =
[
n(n+1)−1− 1
2
(ksa)2
]
jn(ksa)−ksa j′n(ksa), (6.25)
with ρc1 =ρc1/ρ0, ρc2 =ρc2/ρ0 and ρ=ρ/ρ0.
Examining Equations (6.1)–(6.25), it is apparent that the elements in dif-
ferent columns in Equation (6.1) are functions of only one single material property.
It is observed that column 1 depends on the surrounding fluid properties, columns
2 and 3 on the outer cloaking layer, columns 4 and 5 on the inner cloaking layer,
and columns 6 and 7 on the elastic core material. This is similar to the results for
a single fluid layer, given by Equations (4.1)–(4.17). Except for the additional fluid
cloaking layer (and its interfaces), the elements within each of these columns have
the same form in each case.
In particular, it is noted that the elements given by Equations (4.10)–(4.11),
(4.14)–(4.17) and Equations (6.18)–(6.19), (6.22)–(6.25) for the core material are
identical, except for the indices of the element, which change based on the total size
of Un. Therefore, for the case of two fluid cloaking layers, the function Υn from
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Equation (4.25) can be written as
Υn =

u
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u
(n)
66 u
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77 −u(n)67 u(n)76
, for an elastic core,
u
(n)
56
u
(n)
66
, for a fluid core,
(6.26)
or more generally for the case when Un is a q×q determinant as
Υn =

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u
(n)
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u
(n)
q−1,q−1
, for a fluid core.
(6.27)
To evaluate the determinant given by Equation (6.1), use of Equation (4.22)
yields[
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44
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55 −Υnu(n)65
)
− u(n)45
(
u
(n)
54 −Υnu(n)64
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(n)
34
(
u
(n)
55 −Υnu(n)65
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54 −Υnu(n)64
)]
= 0, (6.28)
where Υn is given by Equation (6.26) and the η terms are given by
ηn =
 η(n)11 η(n)12
η
(n)
21 η
(n)
22
=
 (u(n)22 u(n)33 −u(n)23 u(n)32 ) (u(n)12 u(n)33 −u(n)13 u(n)32 )(
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(n)
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(n)
43 −u(n)23 u(n)42
) (
u
(n)
12 u
(n)
43 −u(n)13 u(n)42
)
=0. (6.29)
Examining Equation (6.29), it can be seen that ηn is only dependent on the material
properties of the outer fluid cloaking layer. Likewise, the terms u(n)i4 and u
(n)
i5 (with
i = 3, 4, 5 or 6) are only dependent on the material properties of the inner fluid
cloaking layer. Therefore, it can be seen that the bracketed items in Equation (6.28)
contains terms which depend on either the inner cloaking layer properties (and the
core material properties), or the outer cloaking layer properties (and the surrounding
fluid properties).
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Although Equation (6.28) represents a relatively compact expression for the
cloaking condition of the nth mode, its expansion by the substitution of the exact ex-
pressions given by Equations (6.2)–(6.25) would produce a complicated, intractable
equation. To reduce this expression to a manageable form while still retaining
its practical applicability for finding layer properties leading to plasmonic acoustic
cloaking, a thin shell approximation can be made following the process outlined in
Section 4.1.2, which is discussed in the next section.
6.2 Two fluid cloaking layers
To understand the basic behavior of a multilayered plasmonic acoustic cloak
at moderate frequencies, the simplest configuration will be explored analytically–
the case of an isotropic sphere coated with two, thin fluid layers. Following the
development of Section 4.1.2, the components of the determinant Un which describe
the cloaking layers will be expanded about kd,c1b1, where the radius r = b1 is the
interface between the two layers. Thus, the Taylor series for the spherical Bessel
functions are given by
jn(kd,c1b) ≈ jn(kd,c1b1) + kd,c1b1δ1 j′n(kd,c1b1) + (kd,c1b1)2δ21 j′′n(kd,c1b1), (6.30)
jn(kd,c2a) ≈ jn(kd,c2b1) − kd,c2b1δ2 j′n(kd,c2b1) + (kd,c2b1)2δ22 j′′n(kd,c2b1), (6.31)
where δ1 = (b− b1)/a and δ2 = (b1− a)/a are the shell thicknesses of the outer
and inner cloaking layer, respectively, normalized by the core radius a. Note that
Equations (6.30)–(6.31) may be written for any spherical Bessel functions. In these
equations, terms of order (kd,cb1δ)2 have been retained to ensure sufficient accuracy
in the resulting expressions for the cloaking layer properties. Even though it will be
assumed that the shells are geometrically small (δ  1), large values of the outer
layer density are required in some cases, so that the assumption kd,ca δ  1 is not
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valid. However, by retaining the second order terms, the less restrictive condition
of (kd,ca δ)21 can be applied.
To evaluate the cloaking condition using two fluid layers, a thin shell ap-
proximation is obtained by substituting Equations (6.2)–(6.25) and (6.30)–(6.31)
into Equations (6.28)–(6.29). After some algebraic manipulation, and neglecting
terms of order δ3, this gives
ρc1ρc2
{[[
(1−δ2)−ρc2δ2Υn
]F ′n−Υn[(1+δ1)Fn−ρc1δ1F ′n]]
×W(i)n (kd,c1b1)W(i)n (kd,c2b1)
− δ2
[F ′n+ρc2δ2Υnkd,0b1 j′n(kd,0b1)]kd,c2b1W(i)n (kd,c1b1)W(ii)n (kd,c2b1)
−Υnδ1
[Fn−ρc1δ1kd,0b1 j′n(kd,0b1)]kd,c1b1W(ii)n (kd,c1b1)W(i)n (kd,c2b1)
+ δ22kd,0b1 j
′
n(kd,0b1)(kd,c2b1)
2W(i)n (kd,c1b1)W
(iv)
n (kd,c2b1)
−Υnδ21 jn(kd,0b1)(kd,c1b1)2W(iv)n (kd,c1b1)W(i)n (kd,c2b1)
}
+ ρc1
{
δ2
[Fn+δ1 jn(kd,0b1)−ρc1δ1kd,0b1 j′n(kd,0b1)+ρc2δ2Υn jn(kd,0b1)]
× (kd,c2b1)2W(i)n (kd,c1b1)W(iii)n (kd,c2b1)
+ δ1δ2 jn(kd,0b1)kd,c1b1(kd,c2b1)2W(ii)n (kd,c1b1)W
(iii)
n (kd,c2b1)
− δ22 jn(kd,0b1)(kd,c2b1)3W(i)n (kd,c1b1)W(v)n (kd,c2b1)
}
+ ρc2
{
δ1
[Fn−δ2 jn(kd,0b1)−ρc1δ1kd,0b1 j′n(kd,0b1)+ρc2δ2Υn jn(kd,0b1)]
× (kd,c1b1)2W(iii)n (kd,c1b1)W(i)n (kd,c2b1)
− δ1δ2 jn(kd,0b1)(kd,c1b1)2kd,c2b1W(iii)n (kd,c1b1)W(ii)n (kd,c2b1)
+ δ21 jn(kd,0b1)(kd,c1b1)
3W(v)n (kd,c1b1)W
(i)
n (kd,c2b1)
}
= 0, (6.32)
where
Fn = jn(kd,0b1) + kd,0b1 δ1 j′n(kd,0b1), (6.33)
F ′n = kd,0b1
[
(1+δ1) j′n(kd,0b1) + kd,0a δ1 j
′′
n(kd,0b1)
]
, (6.34)
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and
W(i)n (z) = jn(z)n
′
n(z)− j′n(z)nn(z) =
1
z2
, (6.35)
W(ii)n (z) = jn(z)n
′′
n(z)− j′′n(z)nn(z) = −
2
z3
, (6.36)
W(iii)n (z) = j
′
n(z)n
′′
n(z)− j′′n(z)n′n(z) =
1
z2
[
1− n(n+1)
z2
]
, (6.37)
W(iv)n (z) = jn(z)n
′′′
n (z)−j′′′n (z)nn(z) = −
1
z2
[
1− n(n+1)+6
z2
]
, (6.38)
W(v)n (z) = j
′
n(z)n
′′′
n (z)−j′′′n (z)n′n(z) = −
2
z3
[
1− 2n(n+1)
z2
]
. (6.39)
From Equations (6.35)–(6.39), it can be seen that the somewhat complicated
products of spherical Bessel functions (and derivatives) reduce to simple algebraic
quantities. It is important to note that these are not approximations, but exact
expressions. The identities given in Equations (6.35)–(6.37) were used for the case
of a single fluid cloaking layer, and Equations (6.38)–(6.39) can be derived from
these equations using the relationship between derivatives based on the recursion
relations of spherical Bessel functions [69]. The details of this derivation are given
in Appendix B.
Substitution of the algebraic expressions on the right hand side of Equa-
tions (6.35)–(6.39) into Equation (6.32), the cloaking condition for the nth mode
reduces to
γn+ΥnF ′n
[
ρc1δ1 + ρc2δ2
]
+ (kd,0b1)2
{[
Fn−ρc1δ1Gn + ρc2δ2Υnjn(kd,0b1)
]
δ1
κc1
+
[
Fn−ρc1δ1kd,0b1j′n(kd,0b1)− ρc2δ2Gn
]
δ2
κc2
}
−n(n+1)
{
Fn
[
δ1
ρc1
+
δ2
ρc2
]
− ρc1
ρc2
δ1δ2kd,0b1j
′
n(kd,0b1) +
ρc2
ρc1
δ1δ2Υnjn(kd,0b1)
}
= 0,
(6.40)
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where
Gn = kd,0b1 j′n(kd,0b1)−Υnjn(kd,0b1), (6.41)
γn = (1+δ2)F ′n −ΥnFn + kd,0b1j′n(kd,0b1)
[
δ22
[
2n(n+1) + 6
]
+ δ21n(n+1)
]
+ Υnjn(kd,0b1)
[
δ1 + δ22n(n+1) + δ
2
1
[
2n(n+1) + 6
]]
. (6.42)
Through the use of the identities given in Equations (6.35)–(6.39), the transcenden-
tal relationship among the cloaking layer properties given by Equation (6.32) may
be replaced by the much simpler algebraic expression of Equation (6.40). Although
it is sufficient to use Equations (6.40)–(6.42) to numerically solve for the desired
modes to be cancelled, the objective here is to develop approximate explicit expres-
sions for the cloaking layer properties, in order to provide a way to determine an
appropriate initial guess for the numerical solution.
Based on previous investigations of multilayered fluids [28] and the use of
these structures for acoustic metamaterials and cloaking applications [12, 15], one
would expect the benefits of increasing the number of fluid layers to be dominated
by the inertial effects of each layer. To illustrate this, first consider the case in
which the densities of each layer are the same, so that ρc1 = ρc2 ≡ ρc0. In this case,
Equation (6.40) becomes
γn+ΥnF ′nρc0
[
δ1 + δ2
]
+ (kd,0b1)2
{
Fn
[
δ1
κc1
+
δ2
κc2
]
−ρc0
[
δ1Gn − δ2Υnjn(kd,0b1)
]
δ1
κc1
−ρc0
[
δ1kd,0b1j
′
n(kd,0b1) + δ2Gn
]
δ2
κc2
}
− n(n+1)
{
Fn 1
ρc0
[
δ1 + δ2
]− δ1δ2kd,0b1j′n(kd,0b1) + δ1δ2Υnjn(kd,0b1)} = 0.
(6.43)
Examining this relationship, it is clear that the bulk moduli κc1 and κc2 have in-
dependently very little effect, appearing only in terms of order δ2. Instead, the
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compressibility is dominated by the effective bulk modulus of the two fluid layers
given by
1
κc0
=
[
δ1
δ0
1
κc1
+
δ2
δ0
1
κc2
]
, (6.44)
where δ0 = δ1 +δ2. Furthermore, neglecting terms of order δ2 in Equation (6.43)
yields
γn+ΥnF ′nρc0δ0 + (kd0b1)2Fn
δ0
κc0
− n(n+1)Fn δ0
ρc0
= 0. (6.45)
Comparing Equation (6.45) with Equation (4.61), it is apparent that this is simply
the solution for a single fluid layer with effective density ρc0 and effective bulk
modulus κc0. Even though the bulk moduli of each layer can be independently
varied, the effective bulk modulus dominates the scattering cancellation effect for
the first two scattering modes. Therefore, having two fluid layers with the same
density does not allow for additional scattering modes to be cancelled compared to
a single layer.
For this reason, we focus on cases in which the densities in the two layers
are very different, i.e., (1) ρc1 ρc2, and (2) ρc1 ρc2. Within each one of these
limits, Equation (6.40) reduces to a simpler form, allowing for explicit expressions
for the cloaking conditions.
6.2.1 Region 1: ρc1  ρc2
Assuming that ρc1  ρc2, Equation (6.40) becomes
γn + ΥnF ′nρc1δ1 + (kd,0b1)2
{[
Fn − ρc1δ1Gn
]
δ1
κc1
+
[
Fn − ρc1δ1kd,0b1j′n(kd,0b1) + ρc2δ2Υnjn(kd,0b1)
]
δ2
κc2
}
− n(n+1)
{
Fn δ2
ρc2
− ρc1
ρc2
δ1δ2kd,0b1j
′
n(kd,0b1)
}
= 0. (6.46)
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To determine expressions for the cloaking layer properties, a system of equations
can be obtained by writing Equation (6.46) for the modes n=0 through n=3, in a
similar manner to the approach taken for the single fluid layer. However, cancellation
of all 4 modes would require at least one negative parameter. To examine the range
where ρc1, κc1, ρc2 and κc2 are all positive, a cloak will be sought that cancels the
first 3 modes: n=0 (monopole), n=1 (dipole) and n=2 (quadrupole).
With three equations prescribing the cancellation of each mode, only three
of the cloaking layer properties will be explicitly determined, with the remaining
property acting as a parameter. Thus, unlike the case of a single fluid cloaking
layer which has one optimal solution, in this case one obtains a family of solutions
from which a design can be selected. For the case ρc1  ρc2, the three independent
variables solved for will be ρc1, κc1, and ρc2, with κc2 kept as a free parameter.
To obtain solutions for each of the independent variables, each modal equa-
tion will be used to solve for one of the variables in terms of the others, systematically
eliminating each of the variables. Solving Equation (6.46) with n=0 yields
κc1 =
δ1(kd,0b1)2
[
ρc1δ1G0 −F0
]
γ0+ρc1δ1Υ0F ′0+(kd,0b1)2
[
F0−ρc1δ1kd,0b1j′0(kd,0b1)+ρc2δ2Υ0j0(kd,0b1)
]
δ2
κc2
.
(6.47)
Substitution of Equation (6.47) into Equation (6.46) yields an expression relating
the two remaining independent variables, ρc1 and ρc2, and the parameter κc2,[
δ2ζ
(n)
3 (kd,0b1)
2 δ2
κc2
]
ρ2c2 +
[
ζ
(n)
2 + ζ
(n)
1 (kd,0b1)
2 δ2
κc2
]
ρc2 − n(n+1)δ2ζ(n)0 = 0, (6.48)
where
ζ
(n)
0 = a
(n)
0 (ρc1δ1)
2 + b(n)0 ρc1δ1 + c
(n)
0 , (6.49)
ζ
(n)
1 = a
(n)
1 (ρc1δ1)
2 + b(n)1 ρc1δ1 + c
(n)
1 , (6.50)
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ζ
(n)
2 = a
(n)
2 (ρc1δ1)
2 + b(n)2 ρc1δ1 + c
(n)
2 , (6.51)
ζ
(n)
3 = a
(n)
3 (ρc1δ1)
2 + b(n)3 ρc1δ1 + c
(n)
3 , (6.52)
with
a
(n)
0 = −kd,0b1j′n(kd,0b1)G0, (6.53)
b
(n)
0 = FnG0 + kd,0b1j′n(kd,0b1)F0, (6.54)
c
(n)
0 = −F0Fn, (6.55)
a
(n)
1 = kd,0b1
[
Υ0j0(kd,0b1)j′n(kd,0b1)−Υnjn(kd,0b1)j′0(kd,0b1)
]
, (6.56)
b
(n)
1 = −
[
Υ0j0(kd,0b1)Fn −Υnjn(kd,0b1)F0
]
, (6.57)
c
(n)
1 = 0, (6.58)
a
(n)
2 = ΥnFnG0 −Υ0F0Gn, (6.59)
b
(n)
2 =
[
γnG0 − γ0Gn
]− [ΥnFnG0 −Υ0F0Gn], (6.60)
c
(n)
2 = −
[
γnF0 − γ0Fn
]
, (6.61)
a
(n)
3 = 0, (6.62)
b
(n)
3 = Υnj
′
n(kd,0b1)G0 −Υ0j′0(kd,0b1)Gn, (6.63)
c
(n)
3 = −
[
Υnj′n(kd,0b1)F0 −Υ0j′0(kd,0b1)Fn
]
. (6.64)
Solving Equation (6.48) with n=1 for ρc2 yields two roots, given by
ρc2 = R
[
−1±
√
1 + 2εδ22
]
, (6.65)
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where
R =
ζ
(1)
2 + ζ
(1)
1 (kd,0b1)
2 δ2
κc2
2δ2ζ
(1)
3 (kd,0b1)2
δ2
κc2
, (6.66)
ε =
4ζ(1)0 ζ
(1)
3 (kd,0b1)
2 δ2
κc2[
ζ
(1)
2 + ζ
(1)
1 (kd,0b1)2
δ2
κc2
]2 . (6.67)
Assuming that 2εδ22  1, the two roots reduce to
ρ
(1)
c2 = Rεδ
2
2 =
2δ2ζ
(1)
0
ζ
(1)
2 + ζ
(1)
1 (kd,0b1)2
δ2
κc2
, (6.68)
ρ
(2)
c2 = −2R = −
ζ
(1)
2 + ζ
(1)
1 (kd,0b1)
2 δ2
κc2
δ2ζ
(1)
3 (kd,0b1)2
δ2
κc2
, (6.69)
where the superscripts (1) and (2) denote the different roots of Equation (6.48).
Examining the two possible values of ρc2, it is noted that ρ
(1)
c2 is proportional
to δ2, and ρ
(2)
c2 is proportional to δ
−1
2 . Since δ2  1, this indicates that the magnitude
of ρ(1)c2 will be significantly smaller than ρ
(2)
c2 . Furthermore, comparing these roots
to Equation (6.48) it is observed that Equations (6.68) and (6.69) correspond to the
solution for the limiting cases when ρc2  1 and ρc2  1, respectively. Therefore,
to ensure validity of the assumption that ρc1  ρc2, Equation (6.68) must be used
in this case. Although it is not apparent from Equation (6.48), it will be shown later
in this section that this root is positive within the range considered here.
To determine ρc1, Equation (6.68) can be substituted into Equation (6.48)
with n=2. The leads to a 4th order polynomial, given by
q4(ρc1δ1)
4 + q3(ρc1δ1)
3 + q2(ρc1δ1)
2 + q1ρc1δ1 + q0 = 0, (6.70)
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where
q0 =2c
(1)
0 c
(2)
2 −6c(2)0 c(1)2 , (6.71)
q1 =2
{
b
(1)
0 c
(2)
2 +c
(1)
0
[
b
(2)
2 +b
(2)
1 (kd,0b1)
2 δ2
κc2
]}
−6
{
b
(2)
0 c
(1)
2 +c
(2)
0
[
b
(1)
2 +b
(1)
1 (kd,0b1)
2 δ2
κc2
]}
, (6.72)
q2 =2
{
a
(1)
0 c
(2)
2 +b
(1)
0
[
b
(2)
2 +b
(2)
1 (kd,0b1)
2 δ2
κc2
]
+c(1)0
[
a
(2)
2 +a
(2)
1 (kd,0b1)
2 δ2
κc2
]}
−6
{
a
(2)
0 c
(1)
2 +b
(2)
0
[
b
(1)
2 +b
(1)
1 (kd,0b1)
2 δ2
κc2
]
+c(2)0
[
a
(1)
2 +a
(1)
1 (kd,0b1)
2 δ2
κc2
]}
,
(6.73)
q3 =2
{
a
(1)
0
[
b
(2)
2 +b
(2)
1 (kd,0b1)
2 δ2
κc2
]
+b(1)0
[
a
(2)
2 +a
(2)
1 (kd,0b1)
2 δ2
κc2
]}
−6
{
a
(2)
0
[
b
(1)
2 +b
(1)
1 (kd,0b1)
2 δ2
κc2
]
+b(2)0
[
a
(1)
2 +a
(1)
1 (kd,0b1)
2 δ2
κc2
]}
, (6.74)
q4 =2a
(1)
0
[
a
(2)
2 +a
(2)
1 (kd,0b1)
2 δ2
κc2
]
−6a(2)0
[
a
(1)
2 +a
(1)
1 (kd,0b1)
2 δ2
κc2
]
, (6.75)
where the coefficients a(n)m , b
(n)
m and c
(n)
m are given by Equations (6.53)–(6.61). Al-
though the roots can be determined numerically using a polynomial root solver, a
solution is sought such that (ρc1δ1)2  1 to ensure that (kd,c1b1)2  1. Assuming
(ρc1δ1)2  1, Equation (6.70) becomes
q2(ρc1δ1)
2 + q1ρc1δ1 + q0 ≈ 0, (6.76)
in which case
ρc1 =
−q1 ±
√
q21 − 4q0q2
2δ1q2
. (6.77)
Although this approximation is limited to relatively small values of (ρc1δ1)2, this
solution can still result in a cloaking layer which is much denser than the surrounding
fluid, since δ1  1. This can be observed in Equation (6.77), in which the value of
ρc1 is proportional to δ
−1
1 .
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Using the results developed in this section, the required cloaking layer prop-
erties can be determined. Given a design frequency kd,0a and shell thicknesses δ2
and δ1, ρc1, ρc2 and κc1 can be determined using Equations (6.77), (6.68) and (6.47),
respectively. The fourth cloaking layer property κc2 is a free parameter, which leads
to an entire family of possible designs.
6.2.2 Region 2: ρc1  ρc2
Assuming that ρc1  ρc2, Equation (6.40) simplifies to
γn + ΥnF ′nρc2δ2 + (kd,0b1)2
{[
Fn − ρc1δ1kd,0b1j′n(kd,0b1) + ρc2δ2Υnjn(kd,0b1)
]
δ1
κc1
+
[
Fn − ρc2δ2Gn
]
δ2
κc2
}
− n(n+1)
{
Fn δ1
ρc1
+
ρc2
ρc1
δ1δ2Υnjn(kd,0b1)
}
= 0. (6.78)
Comparing this expression to Equation (6.46), it is found that both have the same
form. Specifically, Equation (6.46) can be obtained from Equation (6.78) by swap-
ping the layer subscripts (so that ρc1 ↔ ρc2, κc2 ↔ κc1 and δ2 ↔ δ1), and switching
the terms −kd,0b1j′n(kd,0b1) and Υnjn(kd,0b1).
Given this analogous relationship between Equation (6.46) and Equation (6.78),
the cloaking layer properties for the case when ρc1  ρc2 can be written as
κc2 =
δ2(kd,0b1)2
[
ρc2δ2G0 −F0
]
γ0+ρc2δ2Υ0F ′0+(kd,0b1)2
[
F0−ρc1δ1kd,0b1j′0(kd,0b1)+ρc2δ2Υ0j0(kd,0b1)
]
δ1
κc1
,
(6.79)
ρc1 =
2δ1ζ
(1)
0
ζ
(1)
2 + ζ
(1)
1 (kd,0b1)2
δ1
κc1
, (6.80)
ρc2 =
−q¯1 ±
√
q¯21 − 4q¯0q¯2
2δ2q¯2
, (6.81)
where
ζ
(n)
0 = a¯
(n)
0 (ρc2δ2)
2 + b¯(n)0 ρc1δ1 + c
(n)
0 , (6.82)
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ζ
(n)
1 = a¯
(n)
1 (ρc2δ2)
2 + b¯(n)1 ρc1δ1 + c
(n)
1 , (6.83)
ζ
(n)
2 = a
(n)
1 (ρc2δ2)
2 + b(n)1 ρc1δ1 + c
(n)
1 , (6.84)
a¯
(n)
0 = Υnjn(kd,0b1)G0, (6.85)
b¯
(n)
0 =FnG0 −Υnjn(kd,0b1)F0, (6.86)
a¯
(n)
1 = − kd,0b1
[
Υ0j0(kd,0b1)j′n(kd,0b1)−Υnjn(kd,0b1)j′0(kd,0b1)
]
, (6.87)
b¯
(n)
1 = kd,0b1
[
jn(kd,0b1)j′0(kd,0b1)− j′n(kd,0b1)j0(kd,0b1)
]
, (6.88)
and
q¯0 = 2c
(1)
0 c
(2)
2 −6c(2)0 c(1)2 , (6.89)
q¯1 = 2
{
b¯
(1)
0 c
(2)
2 +c
(1)
0
[
b
(2)
2 +b¯
(2)
1 (kd,0b1)
2 δ2
κc2
]}
−6
{
b¯
(2)
0 c
(1)
2 +c
(2)
0
[
b
(1)
2 +b¯
(1)
1 (kd,0b1)
2 δ2
κc2
]}
, (6.90)
q¯2 = 2
{
a¯
(1)
0 c
(2)
2 +b¯
(1)
0
[
b
(2)
2 +b¯
(2)
1 (kd,0b1)
2 δ2
κc2
]
+c(1)0
[
a
(2)
2 +a¯
(2)
1 (kd,0b1)
2 δ2
κc2
]}
−6
{
a¯
(2)
0 c
(1)
2 +b¯
(2)
0
[
b
(1)
2 +b¯
(1)
1 (kd,0b1)
2 δ2
κc2
]
+c(2)0
[
a
(1)
2 +a¯
(1)
1 (kd,0b1)
2 δ2
κc2
]}
,
(6.91)
with all other constants the same as defined in Section 6.2.1. For the case ρc1  ρc2,
the three independent variables are κc1, ρc2 and ρc1, with κc1 remaining a free
parameter. Given a design frequency kd,0a, and shell thicknesses δ2 and δ1, the
cloaking layer properties κc1, ρc2 and ρc1 can be determined using Equations (6.79)–
(6.81) for a given value of κc1.
6.3 Cloaking of a rigid sphere using two fluid layers
In the previous section, the explicit solutions for the cloaking layer proper-
ties were derived under a thin-shell approximation. Although evaluation of these
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expressions can provide significant insight into understanding the behavior of a two-
layer acoustic plasmonic cloak, the solutions do not provide an easy interpretation,
and the dependence on each input parameter is not obvious. Specifically, the value
of the cloaking layer properties vary depending on the design frequency, shell thick-
nesses and properties of the core material in non-trivial ways. In order to provide
more insights into these general solutions, an investigation of how these input pa-
rameters affect the required cloaking layer properties for the limiting case of a rigid,
immovable sphere is considered in the following section.
In Section 6.2, the core material properties were lumped into a single pa-
rameter Υn for each of the n modes, and is given by Equation (6.26). Following
the method described in Section 4.2, taking the limit of a rigid, immovable spher-
ical core corresponds to Υn→ 0. Taking this limit for the two regions analyzed in
the previous section, the equations for the cloaking layer properties can be signif-
icantly simplified. Using these simplified expressions, the fundamental features of
the cloaking layer properties of a two fluid layer acoustic plasmonic cloak will be
explored.
6.3.1 Region 1: ρc1  ρc2
To analyze the design of a two layer plasmonic acoustic cloak for a rigid,
immovable sphere, consider the analytic expressions developed in Section 6.2.1 for
ρc1  ρc2. Taking Υn→0, Equation (6.47) for κc1 becomes
κc1 =
δ1(kd,0b1)2
[
ρc1δ1kd,0b1j
′
0(kd,0b1)−F0
]
γ0 − (kd,0b1)2
[
ρc1δ1kd,0b1j
′
0(kd,0b1)−F0
]
δ2
κc2
. (6.92)
Examination of the coefficients given by Equations (6.53)–(6.61) in the limit of
Υn→0, it is observed that
a
(n)
1 = b
(n)
1 = a
(n)
2 = 0. (6.93)
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Therefore, Equation (6.68) reduces to
ρc2 = 2δ2
a
(1)
0 (ρc1δ1)
2 + b(1)0 ρc1δ1 + c
(1)
0
b
(1)
2 ρc1δ1 + c
(1)
2
. (6.94)
Maintaining the restriction that (ρc1δ1)2  1, Equation (6.70) represents the solu-
tion for ρc1. The sign of the square root is then selected to ensure a positive density,
which corresponds to root obtained using the “+” sign.
The expressions for q0, q1 and q2 given by Equation (6.93) simplify quite
considerably, no longer depending on κc2, implying the required values of ρc1 and
ρc2 are independent of the bulk moduli of the cloaking layers. Furthermore, the
expressions for the cloaking layer densities in Equations (6.77) and (6.94), it is
observed that the shell thickness δ2 appears in the numerator of ρc2, while the shell
thickness δ1 appears in the denominator of ρc1. Since it has been assumed that the
shell thicknesses are small, these results yield values of ρc1 which are much larger
than ρc2, which is consistent with the initial assumption that (ρc1δ1)2  1.
Figures 6.2(a) and (b) illustrate the variation of ρc1 with δ1 and ρc2 with
δ2, respectively. In these figures, the approximate analytic results obtained using
Equations (6.70) and (6.94) are shown with a dashed line, and the exact numerical
solution is represented by the solid line and black stars. The numerical solutions
were obtained by the minimization of the scattered fields associated with the first
three modes, and solved using the thin shell results as initial guesses for each value
of κc2, denoted as black circles. Very good agreement is observed between the
approximate analytic results and the exact numerical solutions. Both highlight the
dominant effects of ρc2 increasing linearly with δ2, and of ρc1 varying as δ
−1
1 . Even
though the thin shell results predict the correct functional dependence with respect
to δ1, the deviation from the exact solution increases for larger δ1. This is due to
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Figure 6.2: Variation in cloaking layer density as a function of the shell thickness,
for the (a) outer cloaking layer and (b) inner cloaking layer. The two layer fluid
cloak is enclosing a rigid, immovable sphere at kd,0a= 1.0, with (a) δ2 = 0.01, (b)
δ1 =0.01. The cloaking layer densities are normalized by the density of the fluid in
the surrounding medium, and the shell thickness is normalized by the radius of the
inner sphere. Thin shell results are calculated using Equations (6.77) and (6.94).
144
the fact that, as the shell thickness becomes thicker, the thin shell assumption is
less accurate, as expected.
Equation (6.92) allows the determination of κc1, based on the shell thickness
δ1 and the value of ρc1 and κc2. Although ρc1 varies significantly with δ1, in Equa-
tion (6.92) it appears only as the product ρc1δ1. As a function of the shell thickness,
κc2 is primarily dependent on the presence of δ1 in the numerator of Equation (6.92),
as illustrated in Figure 6.3(a).
Although the shell thickness influences the magnitude of κc1 required for
cloaking, the most significant variable influencing κc1 is κc2. Looking at the denom-
inator in Equation (6.92), the presence of the difference between the coefficient γ0
and a term containing κc2 suggests the possibility of a pole occurring in the pa-
rameter space. This trend is observed in Figure 6.3(b) in both the analytic results
and exact numerical solution. For values of κc2 below a critical point, the resulting
κc1 becomes negative. Since only positive layer properties are considered in this
work, this asymptote corresponds to the minimum allowable κc2 and sets a lower
bound on the range of the parameter space. Due to the rapid rate of change as
κc2 approaches this minimum value, it can be seen that the differences in κc1 given
by the analytic model and exact solutions can become more significant. However,
the analytic solution for κc1 is still sufficient to converge to an exact solution, while
capturing the underlying nature of the relationship between κc1 and κc2.
6.3.2 Region 2: ρc1  ρc2
In Section 6.2.2, analytic expressions were developed for the case when ρc1 
ρc2. These expressions are simplified in the case of a rigid, immovable sphere, by
145
0 0.02 0.04 0.06 0.08 0.1 0.12
0
0.01
0.02
0.03
δ1
κ
c1
/κ
0
 
 
(a)
Thin shell model
Exact
10−2 10−1 100 101
10−2
10−1
100
101
κ
c2/κ0
κ
c1
/κ
0
(b)
Figure 6.3: Variation in the bulk modulus of the outer cloaking layer κc1 as a function
of the (a) shell thickness δ1 and (b) inner cloaking layer bulk modulus κc2, enclosing
a rigid, immovable sphere at kd,0a = 1.0. In (a) δ2 = 0.01 with κc2 = 1, and (b)
δ1 =δ2 = 0.01. The cloaking layer bulk modulus is normalized by the bulk modulus
of the fluid in the surrounding medium, and the shell thickness is normalized by the
radius of the inner sphere. Thin shell results are calculated using Equation (6.92).
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taking the limit of Υn→0 in Equation (6.79):
κc2 =
δ2(kd,0b1)2
[
ρc2δ2kd,0b1j
′
0(kd,0b1)−F0
]
γ0 − (kd,0b1)2
[
ρc1δ1kd,0b1j
′
0(kd,0b1)−F0
]
δ1
κc1
. (6.95)
Considering the coefficients given by Equations (6.59)–(6.61) and (6.85)–(6.88), it
is observed that in the limit of Υn→0,
a¯
(n)
0 = a¯
(n)
1 = a
(n)
2 = 0. (6.96)
Therefore, Equation (6.80) reduces to
ρc1 = 2δ1
b¯
(1)
0 ρc2δ2 + c
(1)
0
b
(1)
2 ρc2δ2 + c
(1)
2 + b¯
(1)
1 (kd,0b1)2
δ1
κc1
. (6.97)
Although Equation (6.97) is very similar in form to Equation (6.94), an
important difference is noticed in that Equation (6.97) retains a dependence on κc1
arising from b(n)1 6= 0, whereas Equation (6.94) is independent of the bulk modulus.
Similarly, using Equation (6.96), the expressions for q¯0, q¯1, and q¯2 can be simplified,
but there is still is a dependence on κc1 which remains in both q¯1 and q¯2. Therefore,
using Equation (6.81), ρc2 will also have a dependence on κc1. The dependence of
κc2, ρc2, and ρc1 on κc1 is shown Figure 6.4(a)–(c), respectively.
From Figure 6.4(a) and (b), both κc2 and ρc2 asymptotically become infinite
as κc1 decreases towards a critical point, beyond which both cloaking layer properties
would need to be negative. This asymptotic behavior is also observed in the required
value of ρc1 in Figure 6.4(c), except that it approaches −∞.
Another important characteristic is the presence of a lower limit for the
positive values of ρc2 and κc2, which occur as κc1 → ∞. For ρc2, this leads to
values which are quite large; for δ1 = 0.01 illustrated in Figure 6.4, the lower limit
is ρc2 = 1879. Besides the practical problems of achieving such a high density, this
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Figure 6.4: Variation as a function of outer cloaking layer bulk modulus κc1 for (a)
the inner cloaking layer bulk modulus κc2 (b) the inner cloaking layer density ρc2
and (c) the outer cloaking layer density ρc1, enclosing a rigid, immovable sphere
for δ1 = δ2 = 0.01 at kd,0a = 2.0. The cloaking layer properties are normalized by
those of the fluid in the surrounding medium. Thin shell results are calculated using
Equations (6.81), (6.95) and (6.97).
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leads to kd,c2b1δ2 ≈ 1, which suggests that the layer is not small enough compared
to the wavelength to be considered a thin, and would require retaining higher order
terms to achieve sufficient accuracy.
6.4 Elastic effects
In this section, the effects of elasticity in the core and in the cloaking layers
will be considered. First, the more general case of a penetrable sphere will be
considered, with the core material consisting of an isotropic elastic solid. Therefore,
the analytic expressions for the cloaking layer properties will be more complex, since
Υn will be nonzero and given by Equation (6.26), and the resulting ρc1, ρc2 and κc1
will all vary as a function of κc2.
After exploring the behavior of various common elastic solids, the details of
the resulting reduction on the scattering strength will be examined for a specific
case of a steel sphere in water. Using this example, the broad applicability of the
equations developed in Section 6.2.1 will be illustrated for both a two fluid cloaking
layer and when elastic (shear) effects are considered in the outer cloaking layer.
6.4.1 Penetrable elastic core
To examine the cloaking layer properties when the core material is an isotropic
elastic solid, Figure 6.5 shows ρc1, ρc2 and κc1 as a function of κc2 for δ1 =δ2 =0.04
and kd,0a=2.0. The results for three different isotropic elastic solids commonly used
in engineering applications are presented: steel, aluminum and glass. The surround-
ing fluid in each case is water. For comparison, the results for a rigid, immovable
sphere are also shown.
Comparing the results for the three elastic solids to that of the rigid sphere,
the same general trends can be found for each cloaking layer property. In Fig-
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Figure 6.5: Variation as a function of inner cloaking layer bulk modulus κc2 for (a)
the outer cloaking layer bulk modulus κc1 (b) the outer cloaking layer density ρc1 and
(c) the inner cloaking layer density ρc2 for δ1 = δ2 = 0.04 at kd,0a= 2.0. Curves are
shown for 4 different core materials: steel (solid red line), aluminum (solid blue line),
glass (solid green line) and a rigid, immovable sphere (dashed black line). Material
properties are listed in Table 4.1. The cloaking layer properties are normalized by
those of the fluid in the surrounding medium, which is water. Thin shell results are
calculated using Equations (6.77), (6.92) and (6.94).
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ure 6.5(a), κc1 exhibits the same asymptotic behavior for all cases, though the point
where κc1→∞ occurs at a slightly lower value of κc2 for the elastic core materials.
In Figure 6.5(b), the variation of ρc1 with κc2 is illustrated. In Section 6.3
it was observed that the cloaking layer densities for a rigid, immovable sphere were
independent of κc2. In Figure 6.5(b), it can be observed that elastic core materials
exhibit a slight decrease in the value of ρc1 for smaller values of κc2, in contrast with
the case of a rigid, immovable core. However, the most significant variation occurs
in the overall magnitude of ρc1, which decreases with the density and bulk modulus
of the elastic material. Specifically, it can be observed that the value of ρc1 required
in this configuration for a glass or aluminum sphere is about a third of that of a
rigid sphere. Even for a steel sphere, with a density and bulk modulus much larger
than water, this value is about 10% less than if the sphere were perfectly rigid.
Figure 6.5(c) reports the variation of ρc2, which shows that this parameter
is much less sensitive to the core material properties, compared to ρc1. The small
change in the magnitude which arises when considering elastic core materials leads
to slightly larger value of ρc2. In addition, there is negligible change as κc2 is varied
over several orders of magnitude.
6.4.2 Scattering strength reduction using two fluid layers
In the analysis of the two layer cloak up to this point, the focus has been
on determining the necessary cloaking layer properties and understanding their re-
lationship to achieve an optimal design. However, it has not been verified yet how
the acoustic cloak would ultimately perform. To explore the functionality of the
cloak, consider a steel sphere in water, covered by two fluid cloaking layers with
thicknesses δ1 = δ2 = 0.04, κc2 = 0.175 and a design frequency of kd,0a= 2.0. The
cloaking layer properties used in this case are given in Table 6.1.
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Solution type ρc1 κc1 ρc2 κc2
Analytic (thin-shell approx.) 7.738 0.361 0.063 0.175
Exact (fluid/fluid) 7.700 0.213 0.049 0.175
Exact (elastic/fluid) 8.081 0.262 0.056 0.175
Table 6.1: Cloaking layer properties for a steel sphere in water, coated by an acoustic
plasmonic cloak consisting of two layers with shell thicknesses δ1 = δ2 = 0.04 and a
design frequency of kd,0a = 2.0. Solutions are given based on analytic thin-shell
expressions, exact solutions for the case of two fluid layers, and exact solutions for
the case of a fluid inner layer and isotropic elastic outer layer with νc1 =0.3.
To examine the effectiveness of the cloak at kd,0a= 2.0, Figure 6.6(a) and
(b) show the real part of the total pressure field for an uncloaked and cloaked steel
sphere in water, excited by a time harmonic incident pressure wave impinging from
bottom to top. For the uncloaked sphere shown in the top panel of Figure 6.6, there
is significant perturbation of the pressure field in and around the object.
Figure 6.6(b) indicates that the optimized cloaking layers dramaticly change
in the pressure field in the surrounding fluid and within the elastic sphere, showing
that the incident wave is almost completely undisturbed by the cloaked sphere.
Since the plasmonic acoustic cloak was designed to cancel the scattered field in the
surrounding fluid, it is also seen that the incident pressure field still interacts with
the steel sphere, though the resulting stress field within the sphere is more uniform
than when uncloaked. With the scattered field cancelled, the total pressure acting
on the outer surface of the steel sphere is equal to the incident pressure, and so
the pressure in the steel sphere is phases matched to the incoming wave. Based on
this characteristic, an acoustic plasmonic cloak of this type therefore may enable
the design of an ideal sensor, allowing for detection of an incident acoustic wave
without almost any disruption of the pressure field [56].
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Figure 6.6: Real part of the total pressure field for a steel sphere in water at kd,0a=
2.0: (a) uncloaked, (b) cloaked using two fluid layers, and (c) cloaked using a fluid
inner layer and an elastic outer layer. For the cloaked spheres, each layer of the cloak
has a shell thickness of δ= 0.04. The color scale for the pressure is normalized by
the amplitude for the incident wave, which is a time-harmonic plane wave impinging
from bottom to top.
To analyze the frequency dependence of the plasmonic acoustic cloak func-
tionality, the magnitude of the first 6 scattering coefficients is plotted for the un-
cloaked and cloaked configurations in Figure 6.7(a) and (b), respectively. Comparing
Figure 6.7(a) and (b), the effect of adding the cloaking layer is clearly seen at the
design frequency of kd,0a= 2.0, where nulls in the n= 0, n= 1 and n= 2 scattering
modes are aligned. The resulting scattered field at the design frequency can be
expressed in terms of the scattering gain, given by Equation (4.80), which is plotted
in Figure 6.7(c). From this plot, it can be seen that the scattering strength is re-
duced by 35 dB at kd,0a=2.0, where the first three scattering modes are cancelled.
Interestingly, away from the design frequency significant scattering reduction is also
obtained. In particular, the scattering strength is reduced by 20 dB over a range
of kd,0a from 0 to almost 2.5. This reduction in scattering strength, though more
modest, extends even up to kd,0a= 5 and beyond. These observations are verified
by results obtained using COMSOL, for which there is excellent agreement over the
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entire band shown in Figure 6.7(c). Details on the implementation of the COMSOL
simulation are given in Appendix C.
6.4.3 Practical considerations for implementation
Given the ability of the plasmonic acoustic cloak described in the previous
section to significantly reduce the scattering strength of a spherical target in water,
an important question to consider is what type of materials could be used to create
such a structure. The cloaking layer properties presented in the previous section
require two fluid layers, with the cloaking layer properties given in Table 6.1. For
the specific case considered here, the bulk modulus of each layer is approximately
0.2 times that of water. The density of the outer layer needs to be large, roughly
equal to that of steel, while the density of the inner layer is very low, about 5% of
the density of water.
Since no naturally occurring fluids exhibit such properties, alternative meth-
ods would be required to obtain the necessary combinations of densities and bulk
moduli. One possible means would be the use of acoustic metamerials, which have
been proposed for other acoustic cloaking applications [12][21]-[16]. Unlike acous-
tic cloaks developed using coordinate transformation techniques, the layers for this
design are simply isotropic fluids, but require extreme values not found in nature.
One promising method to achieve the necessary material properties consists
in creating an effective fluid using a microstructure consisting of smooth beads.
Such a structure would allow for the density and bulk modulus of the effective fluid
to be varied based on the composition and volume fraction of the beads. Use of
a lubricated bead microstructure has also been proposed as a means for creating
an acoustic metafluid, based on the requirements for transformation-based acoustic
cloaks [21].
154
0 1 2 3 4 5
−60
−40
−20
0
|A n
| (d
B)
kd0a
 
 
(a)
n = 0
n = 1
n = 2
n = 3
n = 4
n = 5
0 1 2 3 4 5
−60
−40
−20
0
|A n
| (d
B)
kd0a
 
 
(b)
n = 0
n = 1
n = 2
n = 3
n = 4
n = 5
0 1 2 3 4 5
−40
−20
0
20
kd0a
σ
ga
in
 
(dB
)
 
 
(c)
Theory
COMSOL
Figure 6.7: Scattering coefficients (in dB) for an (a) uncloaked and (b) cloaked steel
sphere in water. The cloak consists of two fluid layers with δ1 = δ2 = 0.04, which
cancels the first three scattering modes at kd,0a= 2.0. The scattering gain in dB,
relative to the uncloaked scatterer, is given in (c) for the exact theoretical solution
and using finite elements (COMSOL).
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Figure 6.8: Variation as a function of outer cloaking layer Poisson’s ratio νc1 for
(a) the outer cloaking layer bulk modulus κc1 (b) the inner cloaking layer density
ρc1 and (c) the outer cloaking layer density ρc2, enclosing a steel sphere in water
for δ1 = δ2 = 0.04 at kd,0a = 2.0. The cloaking layer properties are normalized by
those of the fluid in the surrounding medium. Thin shell results are calculated using
Equations (6.77), (6.92) and (6.94).
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Although the design procedure presented in this paper has assumed that the
cloak consists of two fluid layers, in practice this would require some sort of elastic
materials to maintain the structure of the cloak. To determine the effect of using
an isotropic elastic solid for the outer layer, Figure 6.8 shows the variation with the
cloaking layer properties of the Poisson’s ratio in the outer layer, νc1. Using the
thin fluid shell model results as an initial guess, the exact solution for each value
of νc1 is determined using the numerical techniques described in Section 3.4. Since
the analytic thin-shell expressions developed in this work assume only fluid layers,
these results tacitly assume Poisson’s ratio is 0.5 and therefore appear constant
in the plots. Although there is some deviation in the magnitude of the cloaking
layer properties when the outer layer is elastic compared to the fluid layer solution,
the different is relatively modest and suggests that the use of the analytic results
developed in Section 6.2 can be applied to get a good initial guess also when an
outer layer is elastic.
To compare the effectiveness of this configuration, the real part of the total
pressure field is plotted in Figure 6.6(c). In this configuration, the inner layer is
a fluid and the outer layer is an isotropic elastic solid, with νc1 = 0.3. Comparing
Figure 6.6(c) with the two fluid layer case shown in Figure 6.6(b), it is clear that
the performance of the two are identical at the design frequency of kd,0a=2.0.
To evaluate the scattering reduction and bandwidth with an elastic outer
layer, Figure 6.9(a) and (b) shows the magnitude of the first 6 scattering coefficients
for the uncloaked and cloaked configurations, respectively, using the cloaking layer
properties listed in Table 6.1. The scattering gain is presented in Figure 6.9(c),
with the elastic layer and the fluid-only cloaking layer solution shown together for
comparison. In the vicinity of the design frequency kd,0a = 2.0 and above, the
scattering modes and scattering gain are nearly identical to the case with two fluid
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Figure 6.9: Scattering coefficients (in dB) for an (a) uncloaked and (b) cloaked steel
sphere in water. The cloak consists of an inner fluid layer and outer elastic layer
with δ1 =δ2 =0.04, which cancels the first three scattering modes at kd,0a=2.0. The
Poisson’s ratio of the outer elastic layer is 0.3. The scattering gain in dB, relative to
the uncloaked scatterer, is given in (c) for the exact theoretical solution and using
finite elements (COMSOL) for the case when the outer layer is an isotropic elastic
solid. The scattering gain for the case of a fluid outer layer (dashed) is given for
reference.
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layers. At low frequencies, however, there is a large peak in the the scattering gain.
This is associated with the n=1 (dipole) resonance within the outer cloaking layer
itself, which arises from the excitation of axisymmetric Lamb waves, and its behavior
is also captured with remarkable precision using COMSOL. These resonances can
also be found in the higher order modes, though the increase in the scattering gain
is dominated by the response from the dipole mode.
6.5 Alternating fluid-fluid and fluid-elastic layers
Guided by the detailed analytic investigation presented in Sections 6.1 and
6.2, significant reductions in the scattering strength were demonstrated in Sec-
tions 6.3 and 6.4 using two plasmonic cloaking layers. Although such a thorough
development would be desired for plasmonic cloaks consisting of any arbitrary num-
ber of layers, the increasing complexity of the system makes it impractical to obtain
explicit expressions for the cloaking layer properties. Therefore, exact solutions for
each configuration must be determined numerically for each specific configuration
of interest.
Although any arbitrary layering scheme can be proposed, the lack of any
analytic expressions to guide the design can make it difficult to determine which
configurations will work. In addition, for the cases when there are three or more
layers, even performing a parametric study for each independent layer property
can be complicated and time consuming. Without any guide for determining an
appropriate initial guess or introduction of a complex design space search algorithm,
there is no way to determine beforehand whether or not such a parametric study will
yield a solution for a plasmonic cloak, or simply one of the numerous anti-resonance
cloaks which are examined in Chapter 5.
Alternatively, one method for developing a multilayer cloak is to use two
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Figure 6.10: A time-harmonic incident plane wave in a fluid medium impinging
on an isotropic elastic core of radius a coated in four concentric shells of uniform
thickness with outer radius b. The layers consist of alternating materials C1 and
C2, respectively, starting with the outermost layer. The surrounding medium has
density ρ0 and bulk modulus κ0, and the elastic core has density ρ, bulk modulus κ
and shear modulus µ.
cloaking layer materials in an alternating laminate scheme, an example of which
is illustrated in Figure 6.10. By varying the layer thicknesses, this enables one to
cancel different modes, while limiting the parameter space by searching for only
two sets of cloaking material properties. Furthermore, the two layer plasmonic
cloaking results developed in previous sections of this chapter can be used to guide
the selection of the cloaking layer properties. Such an approach has been used
extensively in designing transformation-based acoustic cloaks, providing a relatively
simple means of designing functionally-graded anisotropic cloaks with alternating
fluid layers [15, 27].
To highlight how this method relates to the two layer configurations devel-
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Solution type ρc1 κc1 ρc2 κc2
Exact (fluid/fluid) 8.6465 0.2242 0.0213 0.2000
Exact (elastic/fluid) 8.3770 0.1469 0.0239 0.2204
Table 6.2: Cloaking layer properties for a four layer acoustic plasmonic cloak for a
steel sphere in water at a design frequency of kd,0a= 2.0. The shell thicknesses δ
of the four layers, in order of the outermost to innermost layer, are 0.0135, 0.0642,
0.0037 and 0.0046, respectively. Exact solutions obtained numerically for the case
of four fluid layers, and the case of alternating fluid and isotropic elastic layers with
νc1 =0.3.
oped in the previous section, consider a four layer design illustrated in in Figure 6.10
for the case of a steel sphere in water at kd,0a=2.0. Using the results from Table 6.1
for the two layer case, a solution for a four layer plasmonic acoustic cloak can be
obtained numerically and the relevant properties are presented in Table 6.2.
Figure 6.11(a) and (b) show the magnitude of the scattering coefficients
for the uncloaked and cloaked configurations, respectively, for the case when both
cloaking layer materials are fluids. From Figure 6.11(b) it is clear that the first four
modes are cancelled at kd,0a= 2.0 with the cloaking layers present. The resulting
scattering gain is presented in Figure 6.11(c), from which it is seen that the scattering
strength is reduce by 70 dB compared with the uncloaked steel sphere at kd,0a=2.0.
Away from the design frequency, there is still significant reduction in the scattering
strength, with a 30 dB or more reduction below kd,0a = 2.0, with a more modest
reduction achieved up to about kd,0a=5.0, at which point the scattering strength is
the same as the uncloaked steel sphere.
These results show a noticeable improvement over those obtained for the two
fluid layer case. Recall that for the two fluid layer case shown in Figure 6.7, only
the first three modes were cancelled. Furthermore, contributions from the remaining
modes (in particular the n= 3 mode), limit the total scattering reduction achieved
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Figure 6.11: Scattering coefficients (in dB) for an (a) uncloaked and (b) cloaked
steel sphere in water. The cloak consists of four fluid layers, which cancels the first
four scattering modes at kd,0a = 2.0. The cloaking layer properties are given in
Table 6.2. The scattering gain in dB, relative to the uncloaked scatterer, is given in
(c).
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Figure 6.12: Scattering coefficients (in dB) for an (a) uncloaked and (b) cloaked steel
sphere in water. The cloak consists of a four layer cloak, consisting of alternating
fluid and elastic layers, which cancels the first three scattering modes at kd,0a=2.0.
The Poisson’s ratio of the elastic layer is 0.3, and the cloaking layer properties are
given in Table 6.2. The scattering gain in dB, relative to the uncloaked scatterer,
is given in (c) for the case when the outer alternating layer is fluid (dashed) and
elastic (solid).
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Figure 6.13: Real part of the total pressure field for a steel sphere in water at
kd,0a = 2.0: (a) uncloaked, (b) cloaked using four fluid layers, and (c) cloaked
using alternating fluid and elastic layers. The cloaking layer properties are given in
Table 6.2. The color scale for the pressure is normalized by the amplitude for the
incident wave, which is a time-harmonic plane wave impinging from bottom to top.
at kd,0a=2.0 to 35 dB.
Examining the effectiveness for the four layer configuration consisting of al-
ternating fluid and elastic materials, Figure 6.12(a) and (b) show the magnitude of
the scattering coefficients when the steel sphere is uncloaked and cloaked, respec-
tively. In this case, only the first three modes are cancelled, although all of the
higher modes are significantly reduced. As a result, a 55 dB reduction in the scat-
tering strength is observed at kd,0a=2.0, as shown in Figure 6.12(c). It is seen that
like the two layer cloak with an elastic outer layer, there are low frequency modal
resonances apparent for n≥ 1, the same as those observed in Figure 6.9.
To illustrate the effect of the cloak at the design frequency, Figure 6.13(a)–
(c) shows the real part of the total pressure field for a steel sphere in water when
uncloaked, coated in a four fluid layer cloak, and coated in a four layer cloak con-
sisting of alternating fluid and elastic materials, respectively. With the addition of
the coatings, it is seen that the disruptions in the time-harmonic incident wave are
eliminated for both cloaked configurations.
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Through the use of alternating cloaking layers, it has been shown that supe-
rior reduction in the scattering strength can be achieved, through the cancellation
(or significant reduction) of higher scattering modes. Although only a relatively
simply design consisting of four layers was presented, these results can be applied to
more complicated cloak configurations. Despite the improved performance within
the vicinity of the design frequency, it was observed that an alternating-layer design
does not eliminate the low frequency dipole resonance which occurs when elastic
cloaking layers are used.
To address this issue, a more detailed analysis must be undertaken to exam-
ine the elastodynamics of spherical elastic layers. In particular, an examination of
materials with transverse isotropy allows for independent control of the radial and
transverse stiffnesses of each layer to address the low frequency dipole resonance,
and likely lead to an improved broadband acoustic plasmonic cloak. The following
chapter therefore presents an investigation of the effects of transversely isotropic
cloaking layers on the resulting scattered field.
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Chapter 7
Theoretical formulation for spherically isotropic elastic
layers
Although numerous materials exhibit isotropic behavior that can accurately
be described by the methods of Chapter 3, there also many whose elastic properties
are different along different axes. This is known as elastic anisotropy. Although
some homogeneous structures may possess anisotropy (such as those occurring in
crystalline materials), many anisotropic elastic materials are heterogeneous compo-
sitions.
Of particular interest in many fields of science and engineering are materials
which exhibit the simplest case of anisotropy, known as transverse isotropy. Trans-
verse isotropy is defined by three orthogonal planes of symmetry, one of which is
isotropic [35], as illustrated in Figure 7.1(a). In addition to providing more degrees
of freedom, a transversely isotropic material can provide the ability to independently
control the elastic properties of a layer in both the normal and tangential direction.
Utilizing these qualities can lead to a more robust acoustic cloak compared with one
comprised of only isotropic elastic materials.
For spherical geometry, the use of a transversely isotropic spherically sym-
metric shell is described as spherical isotropy, which is characterized by isotropic
properties for rotation about any axis through the center of the sphere [78], and is
illustrated in Figure 7.1(b). In the following sections, the formulation for achieving
scattering cancellation using multiple spherically isotropic layers are presented. In
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(a) (b)
Figure 7.1: Geometry of the anisotropic media considered in this chapter, for a
material with (a) transverse isotropy, and (b) spherical isotropy.
Section 7.1, the elastodynamics of a spherically isotropic material are presented. In
contrast with an isotropic elastic material, it is observed that the method of poten-
tials developed in Section 3.1 is not a practical means of obtaining a solution for
spherically isotropic shells.
To obtain a solution for the scattering from multiple spherically isotropic
shells, the historical development of solution techniques are examined in Section 7.2.
Based on this analysis, solutions for the stress and displacement are obtained at the
interfaces of each spherically isotropic layer, the details of which are given in Sec-
tion 7.3. Applying boundary conditions at the interface of the outer spherically
isotropic shell and the surrounding fluid medium, a linear system of equations in
terms of the scattering coefficients similar to Equation (3.21) is obtained in Sec-
tion 7.4. This form allows the cloaking condition A(0)n = 0 to be evaluated for
multiple spherically isotropic shells.
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7.1 Spherical isotropy
For a linear elastic transversely isotropic material, the stiffness tensor C
contains 5 independent elastic constants, so the stress-strain relationship can be
expressed as [61]

T11
T22
T33
T23
T13
T12

=

C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C66


ε11
ε22
ε33
2ε23
2ε13
2ε12

, (7.1)
where the fourth-order stiffness C and second-order stress T and strain ε from
Equation (3.3) have been presented using a contracted notation, known as Voigt
notation, making use of the symmetry of the tensors. Note that the constant C66 is
not an independent parameter, and can be written as
C66 =
1
2
(C11−C12) . (7.2)
Based on Equation (7.1), a coordinate system can be defined such that
(eˆ1, eˆ2, eˆ3)→ (eˆθ, eˆϕ, eˆr) , (7.3)
leading to a stress-strain relationship for a spherically isotropic material that can
be written as
Tθθ = C11 εθθ + C12 εϕϕ + C13 εrr, (7.4)
Tϕϕ = C12 εθθ + C11 εϕϕ + C13 εrr, (7.5)
Trr = C13 εθθ + C13 εϕϕ + C33 εrr, (7.6)
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Trθ = 2C44 εrθ, (7.7)
Trϕ = 2C44 εrϕ, (7.8)
Tθϕ = (C11−C12) εθϕ. (7.9)
To determine the dynamic behavior, Equations (7.4)–(7.9) can be combined
with the equations of motion and strain-displacement relations, which are given
by Equations (3.1) and (3.2), respectively. In cartesian coordinates, the method
of potentials described in Section 3.1 can be applied, yielding wave equations for
the displacement potentials, solutions of which can be expressed as an expansion in
terms of spherical Bessel functions in the form of Equations (3.15)–(3.18).
For curvilinear coordinates, the method of potentials can be applied to cylin-
drical geometries with a transversely isotropic shell, including the case of a plane
wave incident at variable angles relative to the cylinder [79]. For the case of spherical
geometry exhibiting spherical isotropy, however, the use of displacement potentials
do not lead to the simplified expressions satisfying the wave equation. To high-
light this, it can be observed that the reduction to the wave equation in terms of
the displacement potentials arises from the orthogonality of the irrotational and
solenoidal components of Equation (3.7). Therefore, for the spherically isotropic
case an expression is sought in the form of
M¯ ∇ (∇ · u)− µ¯∇× (∇× u) = ρu¨, (7.10)
where M¯ and µ¯ represent effective quantities for plane wave and shear moduli, re-
spectfully. Evaluating Equation (7.10) in spherical coordinates assuming azimuthal
symmetry yields
M¯
{
∂2ur
∂r2
+
2
r
∂ur
∂r
− 2
r2
ur+
1
r sin θ
∂
∂θ
[(
∂uθ
∂r
− 1
r
uθ
)
sin θ
]}
− µ¯ 1
r
{
∂
∂θ
[
∂uθ
∂r
+
1
r
uθ− 1
r
∂ur
∂θ
]
+
[
∂uθ
∂r
+
1
r
uθ− 1
r
∂ur
∂θ
]
cot θ
}
= ρu¨r, (7.11)
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}
= ρu¨θ, (7.12)
where ur and uθ are the radial and tangential components of the displacement,
respectively. Combining Equations (7.4)–(7.9) with Equations (3.1) and (3.2), the
analogous formulation for a spherically isotropic shell is
C33
{
∂2ur
∂r2
+
2
r
∂ur
∂r
− α
C33
2
r2
ur+
1
r sin θ
∂
∂θ
[(
β
C33
∂uθ
∂r
− α
C33
1
r
uθ
)
sin θ
]}
− C44 1
r
{
∂
∂θ
[
∂uθ
∂r
+
1
r
uθ− 1
r
∂ur
∂θ
]
+
[
∂uθ
∂r
+
1
r
uθ− 1
r
∂ur
∂θ
]
cot θ
}
= ρu¨r, (7.13)
C11
1
r
{
∂
∂θ
[
β
C11
∂ur
∂r
+
(
1+
β
C11
)
1
r
ur+
1
r
∂uθ
∂θ
]
+
1
r
cot θ
∂uθ
∂θ
− 1
r
uθ cot2 θ− γ
C11
1
r
uθ
}
+C44
{
∂2uθ
∂r2
+
2
r
∂uθ
∂r
− 1
r
∂2ur
∂r∂θ
}
= ρu¨θ, (7.14)
where
α = C11 + C12 − C13, (7.15)
β = C13 + 2C44, (7.16)
γ = C12 + 2C44. (7.17)
Comparing Equations (7.11) and (7.12) with Equations (7.13) and (7.14), it
is clear that the spherically isotropic case contains all the same terms as the general
form for a potential solution, with the shear modulus corresponding to C44, and the
equivalent isotropic plane wave moduli corresponding to C33 for the radial direction
and C11 for the tangential direction. Although each term in the general form is
represented, the coefficients of several terms do not match, and are highlighted in
the expressions by a single underline for functions of the radial displacement and a
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double underline for those which depend on tangential displacement. The coefficients
of these underlined terms are given by a ratio of a transversely isotropic stiffness,
denoted by either α, β or γ, and the equivalent isotropic elastic modulus. These
ratios therefore represent a measure of the anisotropy of the elastic medium, and
the relative effect of this anisotropy on the orthogonality of the wave propagation
in different directions.
Looking at Equations (7.13) and (7.14), the underlined terms appear only
in the terms multiplied by the effective plane wave modulus, which corresponds to
compressional waves in the radial and tangential direction, respectively. For these
modes of propagation, the solutions of the form given by Equations (3.17) and (3.18)
are not valid unless the ratios αC33 ,
β
C11
, βC33 and
γ
C11
are unity. Consider the limiting
case of an isotropic elastic medium, for which
C11 = C33 = λ+ 2µ, (7.18)
C12 = C13 = λ, (7.19)
C44 = µ. (7.20)
Combining these expressions with Equations (7.15)–(7.17) yields
α
C33
=
β
C33
=
β
C11
=
γ
C11
= 1, (7.21)
in which case Equations (7.13) and (7.14) reduce to Equation (3.7), as expected. By
definition, however, this will not be true for a transversely isotropic layer. To obtain
an elastic medium which obeys Equation (7.21) requires C11 =C33 and α= β = γ,
from which it is clear that only isotropic mediums, which have the properties given
by Equations (7.18)–(7.20), can achieve this condition. It is therefore necessary to
employ a different solution technique than the method of potentials to solve the
scattering problem for the case of spherically isotropic shells.
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7.2 Historical development of solution techniques
To solve for the stresses and displacements of a spherically isotropic medium,
one cannot expect a priori to have a solution consisting of a series expansion with
spherical Bessel functions that describe the r dependence of each mode, as was
assumed in Equations (3.15)–(3.18). A separable series solution can be written more
generally, however, and in spherical coordinates for the case of azimuthal symmetry
takes the form
F (r, θ) =
∞∑
n=0
fn(r)Pn(cos θ), (7.22)
where F (r, θ) is the variable of interest with e−iωt time-harmonic dependence sup-
pressed, fn(r) is an arbitrary function which depends only on r, and Pn is the
Legrendre polynomial. Rewriting the equations of motion in terms of F (r, θ) and
applying the boundary conditions, a system of equations can be developed, and
solved for the unknown functions fn for each mode.
The approach of using a decomposition of field variables for the problem
of spherically isotropic shells was first derived by Hu [80], in which a series expan-
sion in the form of Equation (7.22) for the displacement potentials were used to
obtain the displacements and stresses for the case of free vibrations and later for
various static loading conditions [81]. Unfortunately, using this form precludes the
reduction to a pair of Helmholtz equations in terms of the potentials used given in
Equations (3.13) and (3.14) and utilized in Sec 3.1 to simplify the analysis, while
retaining the disadvantage of the higher order derivatives which arise in defining the
potential fields.
Alternatively, the decomposition of the field variables can be achieved by
separating the displacement into auxiliary functions, which were defined in terms
of the components of the displacement using linear combinations of the auxiliary
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functions and their derivatives with respect to the azimuthal or polar angles only.
This was first applied to the case of spherical isotropy to determine the free vibra-
tions of an unloaded hollow spherical shell [82, 83], based on similar work done by
Prasad for isotropic spherical shells [84]. To address problems in which the shell has
spatially varying properties in the radial direction, Shul’ga et al. investigated the
free response of a hollow sphere with multiple discrete spherically isotropic layers,
using a modified approach which defined auxiliary functions for both displacement
and stress given by [85]
uθ =
1
sin θ
∂u1
∂ϕ
− ∂u2
∂θ
, (7.23)
uϕ =
∂u1
∂θ
+
1
sin θ
∂u2
∂ϕ
, (7.24)
Trθ =
1
sin θ
∂T1
∂ϕ
− ∂T2
∂θ
, (7.25)
Trϕ =
∂T1
∂θ
+
1
sin θ
∂T2
∂ϕ
, (7.26)
where u1, u2, T1, and T2 are the pairs of auxiliary functions for displacement and
stress, respectively. These were then used in conjunction with the radial displace-
ment ur and radial stress Trr. Following application of the boundary conditions
at each outer surface leads to a system of equations which could then numerically
solved for the auxiliary functions.
Apparently unaware of this previous work, Chen and Ding later developed
a similar approach using the auxiliary functions given by Equations (7.23)–(7.26)
independently for the same problem [86, 87]. However, the formulation obtained by
Chen and Ding is more compact, consisting of systems of first-order ordinary dif-
ferential equations (ODEs) which are more numerically efficient to implement. The
resulting system of equations closely resembles those used for state-space analysis,
and is therefore often simply referred to as the “state-space method” [87, 88]. This
method is examined in more detail in Section 7.3.
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Although the state-space method and the similar formulation first presented
by Shul’ga et al. allow for an effective means to analyze a sphere coated with
multiple spherically isotropic layers, these works were originally limited to free vi-
brations of coated hollow spheres. Although later expanded to include the effects
of a surrounding inviscid fluid medium [86] and a coated fluid-filled sphere [89],
the scattering problem was surprisingly not addressed in the literature until recent
years. In 2002, Scandrett [88] used this method to formulate the scattered field from
a spherically isotropic piezoelectric layer, coated with an isotropic elastic outer layer.
Later work by Hasheminejad and Maleki [78] used the state-space method to model
the scattering from multiple concentric spherically isotropic layers with a fluid-filled
core, and investigated the effect bonding between layers has on the scattered field.
7.3 State-space formulation
In this work, the development of a solution for the scattering from an
isotropic sphere coated with multiple spherically isotropic shells will be based on the
state-space method closely following the works of Scandrett [88] and Hasheminejad
and Maleki [78]. It will be assumed that the incident wave is a time-harmonic plane
wave, impinging upon an isotropic sphere coated with spherically isotropic shells,
using the same geometry given by Figure 3.1.
The first step is to define a stress function, Σ, which is given by
Σij = rTij , (7.27)
where i and j represent the coordinate directions (r, θ, ϕ). Employing the stress
function defined by Equation (7.27) for the case of azimuthal symmetry, the equa-
tions of motion given by Equation (3.1) are expressed in spherical coordinates as
r
∂Σrr
∂r
+
∂Σrθ
∂θ
+ Σrr − (Σθθ + Σϕϕ) + Σrθ cot θ =− ρω2r2ur, (7.28)
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r
∂Σrθ
∂r
+
∂Σθθ
∂θ
+ 2Σrθ + (Σθθ − Σϕϕ) cot θ =− ρω2r2uθ. (7.29)
Similarly, the stress-displacement relations can be found by combining Equations (7.4)–
(7.9) and Equation (3.2) with Equation (7.27) which yields
Σrr = C33 r
∂ur
∂r
+ C13
(
2ur + uθ cot θ +
∂uθ
∂θ
)
, (7.30)
Σθθ = C13 r
∂ur
∂r
+ C11
(
ur +
∂uθ
∂θ
)
+ C12
(
ur + uθ cot θ
)
, (7.31)
Σϕϕ = C13 r
∂ur
∂r
+ C12
(
ur +
∂uθ
∂θ
)
+ C11
(
ur + uθ cot θ
)
, (7.32)
Σrθ = C44
(
r
∂uθ
∂r
+
∂ur
∂θ
− uθ
)
, (7.33)
Σrϕ = Σθϕ = 0, (7.34)
Rewriting the displacement and stress in the tangential directions in terms
of auxiliary functions yields [88]
uθ =
1
sin θ
∂ψ
∂ϕ
− ∂G
∂θ
, (7.35)
uϕ =
∂ψ
∂θ
+
1
sin θ
∂G
∂ϕ
, (7.36)
Σrθ =
1
sin θ
∂Σ1
∂ϕ
− ∂Σ2
∂θ
, (7.37)
Σrϕ =
∂Σ1
∂θ
+
1
sin θ
∂Σ2
∂ϕ
, (7.38)
where G, ψ, Σ1 and Σ2 are the displacement and stress auxiliary functions, respec-
tively. Comparing these equations with Equations (7.23)–(7.26) used by Shul’ga et
al., it is clear that although both use the same form to define the auxiliary functions,
the state-space method makes use of the stress function Σ, rather than the actual
physical stress T. Assuming azimuthal symmetry, for which uϕ=Trϕ=Tθϕ=0 and
derivatives with respect to ϕ are zero, Equations (7.36) and (7.38) reduce to
∂ψ
∂θ
=
∂Σ1
∂θ
= 0. (7.39)
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It is clear from Equation (7.39) that the functions ψ and Σ1 are proportional to θ,
multiplied by an arbitrary constant. Based on the periodicity of the θ dependence
for a spherical domain, however, this means that the constants for ψ and Σ1 must
be equal to zero, yielding ψ=Σ1 =0.
From Equations (7.35) and (7.37), the expressions for the remaining func-
tions G and Σ2 with azimuthal symmetry reduce to
uθ = −∂G
∂θ
, (7.40)
Σrθ = −∂Σ2
∂θ
. (7.41)
Substitution of Equations (7.40) and (7.41) into Equations (7.28)–(7.32) and the
rearrangement of terms leads to the system of equations [78]
r
∂
∂r

Σrr
Σ2
G
ur

=

2β−1 ∇2θ γ1∇2θ −2γ1−ρ(ωr)2
β −2 γ2∇2θ−2C66−ρ(ωr)2 −γ1
0 1C44 1 1
1
C33
0 β∇2θ −2β


Σrr
Σ2
G
ur

, (7.42)
where
β =
C13
C33
, (7.43)
γ1 = 2C13β − (C11 + C12) , (7.44)
γ2 = C13β − C11 = 12γ1 − C66, (7.45)
and the operator ∇2θ is given by
∇2θ =
∂2
∂θ2
+ cot θ
∂
∂θ
. (7.46)
From the general separable series form given by Equation (7.22), the in-
dependent variables Σrr, Σ2, Gn, and ur (called state variables in a state-space
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formulation) can be expanded in terms of spherical harmonics,
Σrr(r, θ) =
∞∑
n=0
Σrr,n(r)Pn(cos θ), (7.47)
Σ2(r, θ) =
∞∑
n=0
Σ2,n(r)Pn(cos θ), (7.48)
G(r, θ) =
∞∑
n=0
Gn(r)Pn(cos θ), (7.49)
ur(r, θ) =
∞∑
n=0
ur,n(r)Pn(cos θ). (7.50)
Based on the recurrence formulas for the Legendre polynomials [34]
(
1− z2)P ′′n (z)− 2zP ′n = −lnPn(z), (7.51)
where ln=n(n+1), and therefore the ∇2θ operating on a separable function F (r, θ)
given by Equation (7.22) can be written in terms of Pn(cos θ) as
∇2θF (r, θ) = −
∞∑
n=0
ln fn(r)Pn(cos θ). (7.52)
This equation, along with Equations (7.47)–(7.50), can be substituted into Equa-
tion (7.42) to yield a system of equations for the nth mode of the series expansion
as a function of r only,
r
d
dr

Σrr,n
Σ2,n
Gn
ur,n

=

2β−1 −ln −lnγ1 −2γ1−ρ(ωr)2
β −2 −lnγ2−2C66−ρ(ωr)2 −γ1
0 1C44 1 1
1
C33
0 −lnβ −2β


Σrr,n
Σ2,n
Gn
ur,n

. (7.53)
As illustrated in Figure 3.1, a total of N discrete shells make up the coating, where
each shell is assumed to have a uniform density ρs and thickness hs= bs−1−bs (for
s = 1, 2, . . . , N), where bs−1 > bs and here bN =a is the radius of the inner sphere.
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To rewrite the derivative on the left hand side of Equation (7.53) from r ddr →
d
dξ , a change of variable for the s
th layer can be used [78]
r = bseξ (0 ≤ ξ ≤ ξs), (7.54)
which expressed with ξ as the dependent parameter leads to ξ(r) = ln
(
r
bs
)
and
ξs= ln
(
bs−1
bs
)
. To ensure numerical stability, the state variables can be normalized
to the properties of the inner layer (layer N in Figure 3.1), such that [78]
Σrr,n =
Σrr,n
a κ0
, Σ2,n =
Σ2,n
a κ0
, (7.55)
Gn =
Gn
a
, ur,n =
ur,n
a
. (7.56)
Substitution of Equations (7.54)–(7.56) into Equation (7.53) yields
d
dξ

Σrr,n
Σ2,n
Gn
ur,n

=

2βs−1 −ln −lnγ1 −2γ1− ρsρ0
(
Ω bsa
)2
e2ξ
βs −2 −lnγ2−2C
(s)
66
κ0
− ρsρ0
(
Ω bsa
)2
e2ξ −γ1
0 κ0
C
(s)
44
1 1
κ0
C
(s)
33
0 −lnβs −2βs


Σrr,n
Σ2,n
Gn
ur,n

,
(7.57)
where
βs =
C
(s)
13
C
(s)
33
, (7.58)
γ
(s)
1 =
γ
(s)
1
κ0
= 2
C
(s)
13
κ0
β(s) −
(
C
(s)
11 + C
(s)
12
κ0
)
, (7.59)
γ
(s)
2 =
γ
(s)
2
κ0
=
1
2
γ
(s)
1 −
C
(s)
66
κ0
=
C
(s)
13
κ0
β(s) − C
(s)
11
κ0
, (7.60)
Ω2 = (ωa)2
ρ0
κ0
= (kd,0a)2. (7.61)
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Written in this manner, Equation (7.57) takes the form of a first-order ODE
in terms of ξ, given by
d
dξ
xn,s(ξ) = Mn,s(ξ) xn,s(ξ) , (7.62)
where the state vector for the nth mode and sth layer is
xn,s=
[
Σrr,n Σ2,n Gn ur,n
]T
. (7.63)
From this system of equations, a local transfer function is sought relating the state
variables at the inner edge of the sth layer, denoted by ξ = 0 according to Equa-
tion (7.54), and the state variables at a distance ξ within the layer. This can be
achieved by expressing the state vector x in terms of its Maclaurin series
xn,s(ξ) = xn,s(0) +
x(1)n,s(0)
1!
ξ +
x(2)n,s(0)
2!
ξ2 + · · ·+ x
(q)
n,s(0)
q!
ξq + · · · , (7.64)
where the notation x(q) denotes the qth derivative of x with respect to ξ. Using the
product rule with Equation (7.62), one obtains the derivatives on the right hand
side of Equation (7.64) can be evaluated as
x(1)n,s(0) = Mn,s(0) xn,s(0)
≡M(1)n,s(0) xn,s(0), (7.65)
x(2)n,s(0) = M
(1)
n,s(0) xn,s(0) + Mn,s(0) x
(1)
n,s(0)
=
[
M(1)n,s(0) + Mn,s(0) M
(1)
n,s(0)
]
xn,s(0)
≡M(2)n,s(0) xn,s(0), (7.66)
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x(3)n,s(0) = M
(2)
n,s(0) xn,s(0) + M
(1)
n,s(0) x
(1)
n,s(0) + Mn,s(0) x
(2)
n,s(0)
=
[
M(2)n,s(0) + M
(1)
n,s(0) M
(1)
n,s(0) + Mn,s(0) M
(2)
n,s(0)
]
xn,s(0)
≡M(3)n,s(0) xn,s(0), (7.67)
...
x(q)n,s(0) =
[
cq1M
(q−1)
n,s (0) + c
q
2M
(q−2)
n,s (0) M
(1)
n,s(0)
+ · · ·+ cqqMn,s(0) M(q−1)n,s (0)
]
xn,s(0)
≡M(q)n,s(0) xn,s(0), (7.68)
where the coefficients cqk = c
q−1
k−1 + c
q−1
k with c
q
1 = c
q
q = 1 and k = 2, . . . , q − 1.
Combining Equations (7.64)–(7.68) yields a relationship between the state vector x
at the outer boundary of the layer at ξ = ξs and the inner boundary ξ=0,
xn,s(ξs) = An,s(ξs)xn,s(0), (7.69)
where An,s represents the local transfer function for the sth layer given by
An,s(ξs) = I +
M(1)n,s(0)
1!
ξs +
M(2)n,s(0)
2!
ξ2s + · · ·+
M(q)n,s(0)
q!
ξqs + · · · , (7.70)
with I denoting the identity matrix.
The local transfer function allows the state variables of an individual layer
at one boundary to be related to those on the other boundary. By applying the
appropriate boundary conditions at each interface where the inner edge of one layer
meets the outer edge of another, a relationship for an arbitrary number of layers
can be developed. The conditions on the normal and transverse components of
displacement and stress (and similarly to the auxiliary functions used as the state
variables) can be applied at each interface, which can be expressed in the form [78]
x+n,s−1(ξs−1) = Jn,sx
−
n,s(ξs), (s = 2, . . . , N) (7.71)
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where Jn,s is the interfacial transfer matrix and the superscripts “+” and “-” referred
to the outer and inner edge of the interface, respectively.
In general, the interface transfer matrix can account for discontinuous bound-
aries, such as those arising from partial or complete debonding between the layers
[78]. In the present work, perfectly bonded interfaces will be assumed, in which
case the components of displacement and stress are continuous across the interface,
and therefore Jn,s simply reduces to the identity matrix. In this case, applying the
boundary conditions between all the layers yields
xn,1(ξ1) =
(
N∏
s=1
An,s(ξs)
)
xn,N (0) ≡ Snxn,N (0), (7.72)
where Sn represents the global transfer function relating the state variables on the
inner and outer boundaries of a multilayered shell.
7.4 Relation to the scattered field in an isotropic medium
Although the results from the previous section describe the state-space method
for the formulation of the elastodynamics of multiple spherically isotropic layers,
these expressions need to be connected to the incident and scattered field in the sur-
rounding fluid medium. This will follow the same process as outlined in Section 3.2
for isotropic coatings– applying the boundary conditions at the interfaces with the
target and the surrounding fluid medium, setting up a linear system of equations in
terms of the scattering coefficients and then seeking a solution where A(0)n =0.
To apply the boundary conditions in terms of the normalized state vari-
ables given by Equations (7.55)–(7.56), the solutions derived using the method of
potentials for isotropic media in Equations (3.15)–(3.18) can be rewritten as
x(inc)n,0 (r) =
1
a r
[
α(0)n jn(kd,0r) +α
′(0)
n kd,0rj
′
n(kd,0r)
]
, (7.73)
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x(sc)n,0 (r) =
1
a r
A(0)n
[
α(0)n hn(kd,0r) +α
′(0)
n kd,0rh
′
n(kd,0r)
]
, (7.74)
x(core)n (r) =
1
a r
{
A(core)n
[
α(core)n jn(kd,corer) +α
′(core)
n kd,corerj
′
n(kd,corer)
]
+ C(core)n
[
β(core)n jn(ks,corer) + β
′(core)
n ks,corerj
′
n(ks,corer)
]}
, (7.75)
where xn is the radially dependent normalized state vector given by Equation (7.63),
expressed in terms of the scattering coefficients A(m)n and C
(m)
n and the coefficient
vectors α(m)n , α
′(m)
n , β
(m)
n , and β
′(m)
n for the nth mode and mth material. Expressions
for the coefficient vectors are developed in Appendix A, which for an isotropic elastic
solid can be written as
α(m)n (r) =

2µmln − (λm+2µm)(kd,mr)2
−2µm
1
0

, α′(m)n =

−4µm
2µm
0
1

, (7.76)
β(m)n (r) =

−2µmln
2µm
[
ln−1− 12(ks,mr)2
]
1
ln

, β′(m)n =

2µmln
−2µm
1
0

, (7.77)
where
λm =
λm
κ0
, µm =
µm
κ0
, (7.78)
ln=n(n+1), λm is Lame´’s first parameter and µm is the shear modulus for the mth
material. To obtain the coefficient vectors for an inviscid fluid, the shear modulus in
Equations (7.76)–(7.77) can be set to zero, in which case λm reduces to the adiabatic
bulk modulus and α′(m)n =β
′(m)
n =0.
To properly apply the boundary conditions, continuity of the stress and
displacement at the interfaces must be rewritten in terms of the state variables.
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Consider the case illustrated in Figure 3.1 of a fluid surrounding medium and an
isotropic elastic core of radius a coated with multiple spherically isotropic shells
with outer radius b. For the boundary between an inviscid fluid and an elastic solid
(either isotropic or spherically isotropic), continuity of the normal component of
stress and displacement, in addition to zero tangential stress at the interface r= b
yields
Σ(1)rr,n
∣∣
r=b
− Σ(sc)rr,n
∣∣
r=b
= Σ(inc)rr,n
∣∣
r=b
, (7.79)
Σ(1)2,n
∣∣
r=b
= 0 , (7.80)
u(1)r,n
∣∣
r=b
− u(sc)r,n
∣∣
r=b
= u(inc)r,n
∣∣
r=b
. (7.81)
Using the global transfer function defined by Equation (7.72), the state vari-
ables in the outermost layer (medium 1 ) can be expressed in terms of the states
variables in the innermost layer (medium N ), in which case the boundary condi-
tions at r=b become[
Sn,11Σ
(N)
rr,n+Sn,12Σ
(N)
2,n +Sn,13G
(N)
n +Sn,14u
(N)
r,n
] ∣∣∣∣
r=a
− Σ(sc)rr,n
∣∣
r=b
= Σ(inc)rr,n
∣∣
r=b
, (7.82)[
Sn,21Σ
(N)
rr,n+Sn,22Σ
(N)
2,n +Sn,23G
(N)
n +Sn,24u
(N)
r,n
] ∣∣∣∣
r=a
= 0 , (7.83)[
Sn,41Σ
(N)
rr,n+Sn,42Σ
(N)
2,n +Sn,43G
(N)
n +Sn,44u
(N)
r,n
] ∣∣∣∣
r=a
− u(sc)r,n
∣∣
r=b
= u(inc)r,n
∣∣
r=b
, (7.84)
where Sn,ij denote the element in the ith row and jth column of the global transfer
function of the nth mode, Sn.
For the interface between a spherically isotropic layer and an isotropic elastic
medium core, the boundary conditions for a perfectly bonded interface are the con-
tinuity of the normal and tangential components of the traction and displacement.
Applying these conditions at the interface r=a in terms of the state variables,
Σ(N)rr,n
∣∣
r=a
= Σ(core)rr,n
∣∣
r=a
, (7.85)
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Σ(N)2,n
∣∣
r=a
= Σ(core)2,n
∣∣
r=a
, (7.86)
G
(N)
n
∣∣
r=a
= G(core)n
∣∣
r=a
, (7.87)
u(N)r,n
∣∣
r=a
= u(core)r,n
∣∣
r=a
. (7.88)
Substitution of these expressions into Equations (7.82)–(7.84) yields[
Sn,11Σ
(core)
rr,n +Sn,12Σ
(core)
2,n +Sn,13G
(core)
n +Sn,14u
(core)
r,n
] ∣∣∣∣
r=a
− Σ(sc)rr,n
∣∣
r=b
= Σ(inc)rr,n
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r=b
,
(7.89)[
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n +Sn,24u
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r,n
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r=a
= 0 , (7.90)[
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2,n +Sn,43G
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n +Sn,44u
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r,n
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r=a
− u(sc)r,n
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r=b
= u(inc)r,n
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r=b
,
(7.91)
which relate the state variables in the surrounding medium to that of the isotropic
elastic core. To write these expressions in terms of the scattering coefficients in each
isotropic medium, use of Equations (7.73)–(7.78) produces a system of equations
given by 
d
(n)
11 d
(n)
12 d
(n)
13
d
(n)
21 d
(n)
22 d
(n)
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(n)
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(n)
1
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(n)
2
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(n)
3
 , (7.92)
where
d
(n)
11 = kd,0b h
′
n(kd,0b),
d
(n)
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b
a
(kd,0a)2
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η
(n)
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′(n)
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′
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d
(n)
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a
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ζ
(n)
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(n)
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1
2
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d
(n)
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a
b
ρ
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η
(n)
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,
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r
(n)
1 = −kd,0bj′n(kd,0b),
r
(n)
2 =
1
2
jn(kd,0b),
r
(n)
3 = 0, (7.94)
with
η
(n)
i =
[2n(n+ 1)
(ks,corea)2
− 1]Sn,i1 − 2(ks,corea)2Sn,i2 + 1(kd,0a)2Sn,i3,
η
′(n)
i = −
4
(ks,corea)2
Sn,i1 +
2
(ks,corea)2
Sn,i2 +
1
(kd,0a)2
Sn,i4, (7.95)
ζ
(n)
i = −
2n(n+ 1)
(ks,corea)2
Sn,i1 +
[2n(n+ 1)− 2
(ks,corea)2
− 1]Sn,i2
+
1
(kd,0a)2
Sn,i3 +
n(n+ 1)
(kd,0a)2
Sn,i4,
ζ
′(n)
i =
2n(n+ 1)
(ks,corea)2
Sn,i1 − 2(ks,corea)2Sn,i2 +
1
(kd,0a)2
Sn,i3. (7.96)
The set of equations given (7.92)–(7.96) represent a generalized model for
the scattered acoustic field from an isotropic elastic sphere coated with an arbitrary
number of spherically isotropic elastic layers, based on a state-space formulation.
Prescribing the cloaking condition of A(0)n = 0, this can provide a robust model for
examining cloaking using the scattering cancellation approach. Although each of the
coating layers has been assumed to be spherically isotropic, using Equation (7.18)–
(7.20) it can be seen that this formulation is equally valid for isotropic elastic layers
as well. For even just a single isotropic elastic layer, it is necessary to solve a 7x7
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matrix using the method potentials (see Appendix A), as opposed to the 3x3 linear
system given by Equation (7.92). For each additional isotropic elastic layer using
the method of potentials, each dimension of the matrix increases by 4, so that 2
isotropic elastic layers would yield an 11x11 matrix, 3 isotropic elastic layers would
yield a 15x15 matrix, and so forth.
Although efficient numerical schemes exist, solving such large matrices quickly
becomes computationally expensive. More importantly, analytic solutions of such
large matrices obtained by evaluating the determinants (such as those prescribed by
Equations (3.26)–(3.28)), even in the limits of low frequency or thin shells, becomes
impractical even for the case of a single elastic layer using the formulation developed
with the method of potentials. For the state-space formulation, the solution for the
scattering coefficient in the surrounding fluid medium in Equation (7.92) can be
solved for explicitly using Cramer’s rule, such that
A(0)n =
∣∣∣∣∣∣∣∣∣∣
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. (7.99)
The significant advantage of the compact form achieved using the state-space
formulation can be seen in Equations (7.97)–(7.99), in which the determinants of
3x3 matrices are prescribed, regardless of the number of elastic layers in the cloak.
Additional complexity due to multiple layers, however, manifests itself in the η, η′,
ζ, and ζ ′ terms. Specifically, these terms contain the elements of the global transfer
function which, as defined by Equation (7.72), is a product of the local transfer
function for each layer. The limitations of this state-space formulation lie in these
local transfer functions, which are written as a Maclaurin series expansions about
the edge of the layer. For thicker layers, more terms in the series expansion must be
retained to obtain an accurate solution, while much fewer are need for acoustically
thin shells.
To demonstrate the effectiveness of using spherically isotropic layers, con-
sider the example of a steel sphere in water coated with a bilayer plasmonic cloak,
explored in Sections 6.4.2 and 6.4.3. In this previous examination, it was observed
that when the outer fluid layer is replaced by an isotropic elastic layer, a large
low-frequency resonance appears, which potentially can limit the bandwidth and
inhibits the overall goal of reducing the scattering strength. The source of this was
attributed to the resonances arising from circumferential waves traveling within the
elastic layer, analogous to antisymmetric Lamb waves present in flat plates.
To mitigate these effects, one possible approach is to change the tangential
properties of the elastic layer. This process is illustrated in Figure 7.2, and consists
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(a) (b)
Figure 7.2: Comparison of a two layer cloak with an inner fluid layer and (a)
an isotropic elastic outer layer, previously described in Chapter 6, and (b) an
anisotropic (spherically isotropic) elastic layer. One possible way for creating the
necessary anisotropy is illustrated in (b) using a compliant kerf filler, shown in black.
of inserting thin sections of a different material. In engineering applications, a small
cut or groove is sometimes referred to as a kerf, and the resulting material inserted
is called kerf filler. Note that the material properties of the kerf filler will have a
significant affect on the tangential wave motion within the elastic layer, though its
impact on the radial motion will be minimal.
An example of the effect of the tangential elastic layer properties on the
effectiveness of the cloak is shown in Figure 7.3. Examining the magnitude of the
scattering coefficients, it is seen that the first three modes are successfully can-
celled, whereas the low-frequency resonance is significantly reduced in frequency.
Otherwise, the modal characteristics of the cloaked steel sphere using a spherically
isotropic elastic layer remain nearly unchanged compared with the isotropic elastic
layer case, shown in Figure 6.9. This effect is highlighted in Figure 7.3(c), which
shows a comparison of the scattering gain between the cases with the isotropic and
anisotropic outer layer.
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Figure 7.3: Scattering coefficients (in dB) for an (a) uncloaked and (b) cloaked steel
sphere in water. The cloak consists of an inner fluid layer and outer elastic layer with
δ1 =δ2 =0.04, which cancels the first three scattering modes at kd,0a=2.0. The outer
layer shown is spherically isotropic, with the same properties as the isotropic elastic
case given in Table 6.1, except that the coefficient C11 in Equation 7.1 is scaled by
a factor of 0.1. The scattering gain in dB, relative to the uncloaked scatterer, is
given in (c) for the exact theoretical solution when the outer layer is a spherically
isotropic elastic solid. The scattering gain for the case of a isotropic elastic outer
layer (dashed) is given for reference.
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Adjusting only a single property of the anisotropic layer, the analysis pre-
sented here highlights the usefulness and importance of anisotropy on a plasmonic
cloaking layer. Although this is a relatively simple example, it highlights how con-
sideration of even relatively modest anisotropy, though analytically complex, is a
potentially powerful tool in designing and developing practical and effective acoustic
plasmonic cloaks.
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Chapter 8
Conclusions
8.1 General conclusions and contributions
The objective of this work was to investigate the physical parameters nec-
essary for, and the feasibility of, designing an acoustic cloak using a scattering
cancellation approach for an elastic sphere surrounded by fluid and elastic layers.
Recall that the tasks associated with this objective were expressed by two questions:
1. How can the acoustic field scattered from a spherical object be significantly
reduced or cancelled?
2. How can a realizable cloak be achieved?
The next two sections are dedicated to describing the results of examining each of
these questions, and the contributions that have been made in the process.
8.1.1 How the acoustic field scattered from a spherical object can be
significantly reduced or cancelled
The first of these questions was addressed in Chapters 2 and 3. Although
significant reduction in the scattering strength is limited to finite bandwidths, in
Chapter 2 the scattering cancellation approach was shown to have a key advantage
in that it can be implemented using a single homogeneous layer. This makes it far
more feasible to realize than either transformation-based cloaks or anomalous reso-
nance cloaks, which currently are limited by fabrication of the metamaterials, due to
unusual properties which must be achieved and the complexity of the arrangements.
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Despite successfully being implemented for EM waves, plasmonic cloaks had
not been investigated for acoustic waves prior to the current work being undertaken.
For spherically symmetric geometries, it was pointed out that there is not an exact
analogy between EM and acoustic waves. As a result, in Chapter 3 the acoustic
scattering cancellation formulation was developed from fundamental acoustic and
elastodynamic principles. Using the insight gained from the previous work for EM
waves, one obtains solutions for the cloaking layers which were established by setting
each mode of the scattering coefficient equal to zero. It was also observed that the
number of modes making a substantial contribution to the scattered field increased
as the size of the object increased relative to the wavelength, requiring more layers
to significantly reduce the scattering strength. The formulation developed here
allows for any large (but finite) number of fluid or isotropic layers, leading to a
correspondingly large number of modes to be cancelled.
8.1.2 How a realizable cloak is achieved
The second question presented in relation to the thesis objective was investi-
gated throughout the remainder of the thesis, being addressed in Chapters 4–7. For
the single layer plasmonic cloak discussed in Chapter 4, it was observed that only
the first two modes of the scattering coefficient could be cancelled. This is in agree-
ment with the solutions obtained for the case of EM waves. In the quasi-static limit,
these results matched previous acoustic analyses, which showed that the monopole
term depends only on the compressibility of the coated object, and the dipole term
depends only on the density.
As in the scattering cancellation of EM waves using a single layer, a target
with properties greater than the surrounding medium requires a cloak with proper-
ties which are less than those of the surrounding medium. In water, this means that
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acoustic scattering cancellation can be achieved using ordinary, homogenous mate-
rials which can be constructed from materials which are found in nature. Thus, no
metamaterials or microscale resonant structures, like those of plasmonic materials
utilized for EM waves, are required to implement this type of cloak for underwater
applications.
Despite only two scattering modes being cancelled simultaneously using a
single layer, significant scattering reductions were observed for practical examples.
At ka near unity, metal spheres in water coated with a thin single cloaking layer
reduced the scattering strength by 40 dB compared to the uncloaked sphere. Al-
though these results are impressive considering the relative simplicity of the cloak,
several limitations were observed. First, the operability is limited to relatively low
frequencies, since there are more significant contributions from higher order modes
as the frequency increases. Also, plasmonic cloaking using a single layer cannot be
applied to all possible targets. In particular, it was seen that a single fluid layer of
outer radius b was restricted to targets of radius a with bulk moduli greater than
(a/b)3, and limited to targets with densities less than (b/a)3 for elastic targets.
Expanding upon the single layer plasmonic cloak, it is shown in Chapter 5
that an anti-resonance cloak can be created, utilizing the shear wave anti-resonance
within an elastic layer to cancel additional modes. Although anti-resonances have
been shown to create narrowband regions of reduced scattering strength for EM
waves, these lack of an equivalent mechanism to the elastodynamic shear effects,
highlighting that this is a novel feature of acoustic scattering cancellation and a
noteworthy contribution. Furthermore, anti-resonance acoustic cloaks can be im-
plemented for cases in which a single plasmonic cloak and target combination were
not otherwise possible. The main limitation that arises using these type of cloaks,
however, is a narrowing of the overall bandwidth, due to the shear wave resonances
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within the cloaking layer.
In Chapter 6, the effects of additional plasmonic layers were presented, and it
was found that additional isotropic elastic or fluid layers can be used to cancel more
modes. This allows higher design frequencies to be considered, and for a given design
frequency can lead to a significant reduction in scattering strength compared to a
single layer cloak. A detailed analysis is presented for a configuration consisting of
two fluid layers. Although this represents a relatively simple design for a multilayer
cloak, it is demonstrated that these solutions can readily be used to create more
complex arrangements using alternating layer schemes.
Examining the cloaking layer properties which are required for a two layer
configuration, it is observed that the design is driven by the inertial effects within
each layer. Specifically, it is seen that the inner layer has a density much smaller
than that of the surrounding medium, much like the case of a single layer cloak,
while the outer layer requires a density which is much larger than the surrounding
medium. Conversely, the dominant feature determining the compressibility is the
effective compressibility of the two layer coating, rather than each of the layers
individually. This allows for the bulk modulus of one of the layers to be treated as a
design parameter, yielding an entire family of possible designs, rather than a single
optimal solution as seen for a single layer plasmonic cloak.
Using an isotropic elastic layer instead of a fluid for the outer layer, similar
results to the two fluid layer case are reported. However, use of an elastic layer
adds a low frequency resonance, corresponding to the axisymmetric Lamb wave in
the elastic layer. Even though the necessary cloak properties for either the fluid or
elastic outer layer are nearly identical, the existence of the non-zero shear in the
elastic layer acts as a restoring force leading to this phenomenon. The predicted
reduction in the scattering strength was verified using COMSOL, which showed
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excellent agreement across the entire frequency band of interest. Typical reductions
in the scattering strength for a steel sphere in water were 35 dB using two layers
and up to 70 dB using four layers, achieved at ka = 2.0. Using only fluid layers,
the reduction below the design frequency is 20 dB or more, with modest reductions
observed up to ka= 5.0. For an elastic outer layer, the reduction below the design
frequency iss not achieved due to the low frequency resonance, but a similar modest
reduction is seen above the design frequency up to ka=5.0.
To address the low frequency resonance observed with elastic layers, a formu-
lation for scattering cancellation using spherically isotropic layers was developed in
Chapter 7. To accomplish this, the scattering cancellation formulation is re-derived
to allow for multiple layers with spherical isotropy. This allows for the tangential
stiffness to to be varied independent of the radial stiffness, thereby allowing for the
mitigation of the low frequency resonance within the frequency band of interest,
improving the broadband response of the cloak.
The results developed in this thesis create a theoretical framework to under-
stand and design an effective acoustic cloak using a scattering cancellation approach,
which has never previously been examined for acoustic waves. Although guided by
prior work for EM applications, the detailed examination of the elastodynamics rep-
resents a significant departure from that done with EM waves, which are analogous
to the acosutic case in which only fluids are considered. Furthermore, due to the
non-existent issues limiting the bandwidth and realization of EM plasmonic cloaks,
namely causality and the necessity for resonant structures to construct a cloak, this
leads to significant broadband scattering reductions for acoustic waves.
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8.2 Suggestions for future work
Given the successful demonstration of the theoretical implementation of
acoustic scattering cancellation, the next obvious step would be experimental fabri-
cation and testing. This step is particularly important, since the biggest challenge
to the implementation of acoustic cloaks has been creating the materials necessary
to match those prescribed by the theory. Although this task is difficult, the re-
sults demonstrated in this thesis have two advantageous features with regards to
the feasibility of constructing an acoustic cloak: (i) the possibility of using ordinary
materials with homogeneous properties instead of needing to design and develop
acoustic metamaterials or metafluids, and (ii) significant reductions in the scatter-
ing strength can be achieved using simple configurations of only one or two layers.
Although ordinary materials with homogeneous properties can be utilized
to create a cloak in water, expansion of this analysis for air applications would
require the use of acoustic metamaterials, creating materials with either extremely
low (but positive) or negative densities. The use of these materials for plasmonic
cloaking is potentially promising, given that much of the difficulties faced in previous
acoustic metamaterials research has been driven by the extreme properties and
strong gradients required by transformation-based cloaks. Future research could
also build upon developments in EM plasmonic cloaking, which have demonstrated
the feasibility of overcoming this particular challenge.
One of the novel features of the plasmonic cloak is that the pressure field
on the interior is non-zero. In particular, the elimination of the scattered pressure
field acting on the surface of cloaked object means the total pressure is equal in
magnitude and phase to the incident pressure. This enables one to explore the
fascinating concept of an ideal acoustic sensor, which is able to measure an incident
pressure wave without disruption of the wave itself. Applications of such a device
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could be used for a wide range of acoustic measurements, particularly those involving
closely packed arrays or near-field testing. This could be accomplished using a
piezoelectric inner shell, which is a traditional method for making hydrophones
enabling the acoustic pressure to be converted to an electric voltage. Due to the
coupling between the electric and mechanical properties, a piezoelectric shell exhibits
spherical isotropy [88, 90]. Building upon the analysis presented in Chapter 7 for
a multilayered spherically isotropic cloak, a spherically isotropic piezoelectric layer
could be added, allowing for the investigation and design of a cloaked acoustic sensor.
Although the focus of this thesis was on the investigation of the cloaking
effects associated with a scattering cancellation approach, the method represents
a more general process of describing the scattered field as a sum of the modes
and then adding a coating to control the strength of each relevant mode. Thus, it
is also possible to utilize these techniques to change the acoustic scattering from
an object, rather than to simply hide or ‘cloak’ it. Possible applications for this
include imaging, underwater navigation, and acoustic metamaterial design. The
design of some acoustic metamaterials, such as sonic crystals, use the frequency
dependent scattering from a lattice of elastic inclusions to create the desired exotic
macroscopic properties. By coating the inclusions and using the methods developed
in this thesis, a wide range of scattering patterns can be designed, even at the
relatively long wavelengths (compared to the size of the inclusion) typically used in
such a structure.
For the case of underwater navigation, the techniques described in this thesis
could be used in the design of sonar reflectors, such as a sonar bell. For example, it
would be possible to design a coating which cancelled the monopole and quadrupole
modes to produce a non-resonant, broadband directional scatterer dominated by the
dipole mode. Using a similar concept for the design of biomedical contrast agents
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could lead to improved ultrasonic imaging. This could even be used in conjunction
with the cloaking concepts presented in this thesis, to create a contrast agent which
is cloaked for some frequencies, and a strong scatterers at others. Although these
are just a few specific applications, the theoretical methods to control the scattered
field of an acoustic object demonstrated here enables both improved and expanded
designs of acoustic systems and a deeper appreciation of a fundamental acoustic
phenomenon.
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Appendix A
Linear system of equations derivation for scattering
from isotropic sphere coated with isotropic shells
A.1 Basic formulation
To determine the coefficients in D(n) and ~r(n) for the linear system given by
Equation (3.20) which can be solved for the nth mode of the unknown scattering
coefficients, continuity of the stress and displacement at each interface must be
evaluated. To do so, expressions for the stress (pressure) and displacement in each
elastic (or fluid) layer or in the core material will need to be determined. Using
the method of potentials described in Section 3.1, the stress and displacement are
expressed in terms of two scalar displacement potentials, φ and χ, which are given by
Equations (3.15)–(3.18). From Equations (3.2), (3.4), and (3.8), the components of
displacement u and stress T in spherical coordinates assuming azimuthal symmetry
become [91]
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)
+ rk2sχ, (A.1)
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. (A.4)
Using Equations (A.1)–(A.4), expressions for the displacement and stress in
the radial and tangential directions can be evaluated at the interface of each medium.
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In the resulting expressions, the partial derivatives of φ and χ with respect to r yield
higher order derivatives of the spherical Bessel functions, namely, terms containing
j′′n(kr) and j′′′n (kr). As shown in Appendix B, these higher order derivatives can be
written as
j′′n(z) =
1
z2
[(
n(n+1)− z2
)
jn(z)− 2z j′n(z)
]
, (A.5)
j′′′n (z) =
1
z3
[
−4
(
n(n+1)− 1
2
z2
)
jn(z) + (n2+n+6− z2)z j′n(z)
]
. (A.6)
The exact expressions for the coefficients of D(n) and~r(n) depend on the the
specific configuration of the submerged coated sphere. In particular, the number and
exact formulation of the coefficients depends on the type of materials (whether they
are isotropic elastic solids or fluids), and how many layers the coating is comprised of.
The case of a single elastic layer coating an elastic sphere is presented in Section A.2,
and a more general formulation for multilayered coatings is described Section A.4.
A.2 Solution for a single layer coated sphere
Consider an elastic sphere coated with a single elastic layer surrounded by
a fluid, which is illustrated in Figure 5.1. In this case, Equation (3.20) reduces to
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(n)
54 d
(n)
55 d
(n)
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
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
r
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0
0
0
0
0
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. (A.7)
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The components of the linear system are given by
d11
(n) = −kd,0b h(1)′n (kd,0b), (A.8)
d12
(n) = kd,cb j′n(kd,cb), (A.9)
d13
(n) = kd,cb n′n(kd,cb), (A.10)
d14
(n) = n(n+1) jn(ks,cb), (A.11)
d15
(n) = n(n+1)nn(ks,cb), (A.12)
d21
(n) =
1
2
h(1)n (kd,0b), (A.13)
d22
(n) = ρc
1
(ks,cb)2
{[
n(n+1)− 1
2
(ks,cb)2
]
jn(kd,cb)− 2kd,cb j′n(kd,cb)
}
, (A.14)
d23
(n) = ρc
1
(ks,cb)2
{[
n(n+1)− 1
2
(ks,cb)2
]
nn(kd,cb)− 2kd,cb n′n(kd,cb)
}
, (A.15)
d24
(n) = ρc
1
(ks,cb)2
n(n+1)
[
ks,cb j
′
n(ks,cb)−jn(ks,cb)
]
, (A.16)
d25
(n) = ρc
1
(ks,cb)2
n(n+1)
[
ks,cb n
′
n(ks,cb)−nn(ks,cb)
]
, (A.17)
d32
(n) = kd,cb j′n(kd,cb)−jn(kd,cb), (A.18)
d33
(n) = kd,cb n′n(kd,cb)−nn(kd,cb), (A.19)
d34
(n) =
[
n(n+1)−1− 1
2
(ks,cb)2
]
jn(ks,cb)−ks,cb j′n(ks,cb), (A.20)
d35
(n) =
[
n(n+1)−1− 1
2
(ks,cb)2
]
nn(ks,cb)−ks,cb n′n(ks,cb), (A.21)
d42
(n) = kd,ca j′n(kd,ca), (A.22)
d43
(n) = kd,can′n(kd,ca), (A.23)
d44
(n) = n(n+1) jn(ks,ca), (A.24)
d45
(n) = n(n+1)nn(ks,ca), (A.25)
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d46
(n) = −kda j′n(kda), (A.26)
d47
(n) = −n(n+1) jn(ksa), (A.27)
d52
(n) = jn(kd,ca), (A.28)
d53
(n) = nn(kd,ca), (A.29)
d54
(n) = ks,ca j′n(ks,ca) + jn(ks,ca), (A.30)
d55
(n) = ks,can′n(ks,ca) + nn(ks,ca), (A.31)
d56
(n) = −jn(kda), (A.32)
d57
(n) = − [ksaj′n(ksa) + jn(ksa)] , (A.33)
d62
(n) = ρc
1
(ks,ca)2
{[
n(n+1)− 1
2
(ks,ca)2
]
jn(kd,ca)− 2kd,ca j′n(kd,ca)
}
, (A.34)
d63
(n) = ρc
1
(ks,ca)2
{[
n(n+1)− 1
2
(ks,ca)2
]
nn(kd,ca)− 2kd,can′n(kd,ca)
}
, (A.35)
d64
(n) = ρc
1
(ks,ca)2
n(n+1)
[
ks,ca j
′
n(ks,ca)−jn(ks,ca)
]
, (A.36)
d65
(n) = ρc
1
(ks,ca)2
n(n+1)
[
ks,can
′
n(ks,ca)−nn(ks,ca)
]
, (A.37)
d66
(n) = −ρ 1
(ksa)2
{[
n(n+1)− 1
2
(ksa)2
]
jn(kda)− 2kda j′n(kda)
}
, (A.38)
d67
(n) = −ρ 1
(ksa)2
n(n+1)
[
ksa j
′
n(ksa)−jn(ksa)
]
, (A.39)
d72
(n) = ρc
1
(ks,ca)2
[
kd,ca j
′
n(kd,ca)−jn(kd,ca)
]
, (A.40)
d73
(n) = ρc
1
(ks,ca)2
[
kd,can
′
n(kd,ca)−nn(kd,ca)
]
, (A.41)
d74
(n) = ρc
1
(ks,ca)2
{[
n(n+1)−1− 1
2
(ks,ca)2
]
jn(ks,ca)− ks,ca j′n(ks,ca)
}
, (A.42)
d75
(n) = ρc
1
(ks,ca)2
{[
n(n+1)−1− 1
2
(ks,ca)2
]
nn(ks,ca)− ks,can′n(ks,ca)
}
, (A.43)
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d76
(n) = −ρ 1
(ksa)2
[
kda j
′
n(kda)−jn(kda)
]
, (A.44)
d77
(n) = −ρ 1
(ksa)2
{[
n(n+1)−1− 1
2
(ksa)2
]
jn(ksa)− ksa j′n(ksa)
}
, (A.45)
r1
(n) = kd,0b j′n(kd,0b), (A.46)
r2
(n) = −1
2
jn(kd,0b), (A.47)
where ρc=ρc/ρ0 and ρ=ρ/ρ0.
Although it is possible to obtain these expressions as limiting cases of pre-
vious work [67, 92], they have not been presented in the form used here and thus
are included for completeness. When the core material sphere is a fluid, application
of the boundary conditions yields a 6×6 linear system. The elements of this linear
system are simply a reduced form of d(n)ij and r
(n)
i , obtained by removing the rows
and columns where i=5 and j=7 and taking µ→0, or equivalently, 1/ks→0. The
resulting linear system matches those derived in previous work [64].
In the work presented in this thesis, the scattering coefficients represent the
complex amplitudes of the displacement potentials. To relate these results to the
acoustic pressure p in medium m, note that
p = ρmω2φ. (A.48)
Since the the pressure is often the primary variable of interest in acoustic scattering
problems, some previous work has used pressure scattering coefficients instead of
those of the scalar potentials [93]. The relationship between the pressure scattering
coefficients and the displacement potential scattering coefficients of each medium
can be determined using Equation (A.48).
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A.3 Solution for an elastic sphere coated with two fluid layers
Consider an elastic sphere coated with two fluid layers and surrounded by a
fluid, as illustrated in Figure C.1. In this case, Equation (3.20) reduces to
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r
(n)
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(n)
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0
0
0
0
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
. (A.49)
The components of the linear system are given by
d11
(n) =− kd,0b h(1)′n (kd,0b), (A.50)
d12
(n) = kd,c1b j′n(kd,c1b), (A.51)
d13
(n) = kd,c1b n′n(kd,c1b), (A.52)
d21
(n) =
1
2
h(1)n (kd,0b), (A.53)
d22
(n) = ρc1 jn(kd,c1b), (A.54)
d23
(n) = ρc1 nn(kd,c1b), (A.55)
d32
(n) = kd,c1b1 j′n(kd,c1b1), (A.56)
d33
(n) = kd,c1b1 n′n(kd,c1b1), (A.57)
d34
(n) = kd,c2b1 j′n(kd,c2b1), (A.58)
d35
(n) = kd,c2b1 n′n(kd,c2b1), (A.59)
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d42
(n) = ρc1 kd,c1b1 jn(kd,c1b1), (A.60)
d43
(n) = ρc1 kd,c1b1 nn(kd,c1b1), (A.61)
d44
(n) = ρc2 kd,c2b1 jn(kd,c2b1), (A.62)
d45
(n) = ρc2 kd,c2b1 nn(kd,c2b1), (A.63)
d54
(n) = kd,c2a j′n(kd,c2a), (A.64)
d55
(n) = kd,c2an′n(kd,c2a), (A.65)
d56
(n) = −kda j′n(kda), (A.66)
d57
(n) = −n(n+1) jn(ksa), (A.67)
d64
(n) = ρc2 jn(kd,c2a), (A.68)
d65
(n) = ρc2 nn(kd,c2a), (A.69)
d66
(n) =2ρ
{[
n(n+1)
(ksa)2
− 1
2
]
jn(kda)− 2 kda(ksa)2 j
′
n(kda)
}
, (A.70)
d67
(n) =2ρ
n(n+1)
(ksa)2
[
ksaj
′
n(ksa)−jn(ksa)
]
, (A.71)
d76
(n) = kda j′n(kda)−jn(kda), (A.72)
d77
(n) =
[
n(n+1)−1− 1
2
(ksa)2
]
jn(ksa)−ksa j′n(ksa), (A.73)
r1
(n) =kd,0b j′n(kd,0b), (A.74)
r2
(n) =− 1
2
jn(kd,0b), (A.75)
where ρc1 =ρc1/ρ0, ρc2 =ρc2/ρ0 and ρ=ρ/ρ0. The resulting linear system matches
those derived in previous work [94].
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A.4 Solution for a submerged sphere covered with a multilayer
coating
Consider the case of a spherical isotropic elastic core coated by N isotropic
layers (either elastic or fluid), as illustrated in Figure 3.1. The linear system of
equations which describe this configuration are given by Equation (3.20). The values
of D(n) and ~r(n) are presented for the applicable regions of this configuration, with
the results for the surrounding fluid medium, multilayer coating and core material
given in Sections A.4.1, A.4.2 and A.4.3, respectively.
A.4.1 Surrounding fluid medium
The coefficients contained within D(n)1,0 and ~r
(n)
0 depend on the properties of
the surrounding fluid medium and the outer radius b, and are given by
D(n)1,0 (1, 1) = −kd,0b h(1)′n (kd,0b), (A.76)
D(n)1,0 (1, 2) =
1
2
h(1)n (kd,0b), (A.77)
D(n)1,0 (1, 3) = 0, (A.78)
~r
(n)
0 (1, 1) = kd,0b j
′
n(kd,0b), (A.79)
~r
(n)
0 (1, 2) = −
1
2
jn(kd,0b), (A.80)
~r
(n)
0 (1, 3) = 0, (A.81)
A.4.2 Multilayer coating
For the mth layer of a coating comprised of N isotropic layers, there are
two coefficient matrices D(n)m,m and D
(n)
m+1,m, corresponding to the outer and inner
interfaces, respectively. These matrices, which depend on the properties of the mth
layer of the coating and the radius of the interface bm. When the mth layer is an
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isotropic elastic solid at the interface with another elastic material,
D(n)q,m(1, 1) = kd,mbq j
′
n(kd,mbq), (A.82)
D(n)q,m(1, 2) = kd,mbq n
′
n(kd,mbq), (A.83)
D(n)q,m(1, 3) = n(n+1)jn(ks,mbq), (A.84)
D(n)q,m(1, 4) = n(n+1)nn(ks,mbq), (A.85)
D(n)q,m(2, 1) = jn(kd,mbq), (A.86)
D(n)q,m(2, 2) = nn(kd,mbq), (A.87)
D(n)q,m(2, 3) = ks,mbq j
′
n(ks,mbq) + jn(ks,mbq), (A.88)
D(n)q,m(2, 4) = ks,mbq n
′
n(ks,mbq) + nn(ks,mbq), (A.89)
D(n)q,m(3, 1) = ρc,m
{[
n(n+1)
(ks,mbq)2
− 1
2
]
jn(kd,mbq)− 2 kd,mbq(ks,mbq)2 j
′
n(kd,mbq)
}
, (A.90)
D(n)q,m(3, 2) = ρc,m
{[
n(n+1)
(ks,mbq)2
− 1
2
]
nn(kd,mbq)− 2 kd,mbq(ks,mbq)2n
′
n(kd,mbq)
}
, (A.91)
D(n)q,m(3, 3) = ρc,mn(n+1)
{
1
ks,mbq
j′n(ks,mbq)−
1
(ks,mbq)2
jn(ks,mbq)
}
, (A.92)
D(n)q,m(3, 4) = ρc,mn(n+1)
{
1
ks,mbq
n′n(ks,mbq)−
1
(ks,mbq)2
nn(ks,mbq)
}
, (A.93)
D(n)q,m(4, 1) = ρc,m
1
(ks,mbq)2
[
kd,mbq j
′
n(kd,mbq)− jn(kd,mbq)
]
, (A.94)
D(n)q,m(4, 2) = ρc,m
1
(ks,mbq)2
[
kd,mbq n
′
n(kd,mbq)− nn(kd,mbq)
]
, (A.95)
D(n)q,m(4, 3) = ρc,m
{[
n(n+1)− 1
(ks,mbq)2
− 1
2
]
jn(ks,mbq)− 1
ks,mbq
j′n(ks,mbq)
}
, (A.96)
D(n)q,m(4, 4) = ρc,m
{[
n(n+1)− 1
(ks,mbq)2
− 1
2
]
nn(ks,mbq)− 1
ks,mbq
n′n(ks,mbq)
}
, (A.97)
where q=m,m+1. At the interface with a fluid, D(n)q,m becomes
D(n)q,m(1, 1) = kd,mbq j
′
n(kd,mbq), (A.98)
D(n)q,m(1, 2) = kd,mbq n
′
n(kd,mbq), (A.99)
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D(n)q,m(1, 3) = n(n+1)jn(ks,mbq), (A.100)
D(n)q,m(1, 4) = n(n+1)nn(ks,mbq), (A.101)
D(n)q,m(2, 1) = ρc,m
{[
n(n+1)
(ks,mbq)2
− 1
2
]
jn(kd,mbq)− 2 kd,mbq(ks,mbq)2 j
′
n(kd,mbq)
}
, (A.102)
D(n)q,m(2, 2) = ρc,m
{[
n(n+1)
(ks,mbq)2
− 1
2
]
nn(kd,mbq)− 2 kd,mbq(ks,mbq)2n
′
n(kd,mbq)
}
, (A.103)
D(n)q,m(2, 3) = ρc,mn(n+1)
{
1
ks,mbq
j′n(ks,mbq)−
1
(ks,mbq)2
jn(ks,mbq)
}
, (A.104)
D(n)q,m(2, 4) = ρc,mn(n+1)
{
1
ks,mbq
n′n(ks,mbq)−
1
(ks,mbq)2
nn(ks,mbq)
}
, (A.105)
D(n)q,m(3, 1) = ρc,m
1
(ks,mbq)2
[
kd,mbq j
′
n(kd,mbq)− jn(kd,mbq)
]
, (A.106)
D(n)q,m(3, 2) = ρc,m
1
(ks,mbq)2
[
kd,mbq n
′
n(kd,mbq)− nn(kd,mbq)
]
, (A.107)
D(n)q,m(3, 3) = ρc,m
{[
n(n+1)− 1
(ks,mbq)2
− 1
2
]
jn(ks,mbq)− 1
ks,mbq
j′n(ks,mbq)
}
, (A.108)
D(n)q,m(3, 4) = ρc,m
{[
n(n+1)− 1
(ks,mbq)2
− 1
2
]
nn(ks,mbq)− 1
ks,mbq
n′n(ks,mbq)
}
. (A.109)
When both layers at the interface are fluids, D(n)q,m reduces to
D(n)q,m(1, 1) = kd,mbq j
′
n(kd,mbq), (A.110)
D(n)q,m(1, 2) = kd,mbq n
′
n(kd,mbq), (A.111)
D(n)q,m(2, 1) = −
1
2
ρc,m jn(kd,mbq), (A.112)
D(n)q,m(2, 2) = −
1
2
ρc,m nn(kd,mbq). (A.113)
A.4.3 Core material
Consider a spherical core of radius a, comprised of an isotropic elastic solid.
When the inner layer of the coating is elastic, D(n)N+1,core is given by,
D(n)N+1,core(1, 1) = −kda j′n(kda), (A.114)
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D(n)N+1,core(1, 2) = −n(n+1)jn(ksa), (A.115)
D(n)N+1,core(2, 1) = −jn(kda), (A.116)
D(n)N+1,core(2, 2) = −
[
ksa j
′
n(ksa) + jn(ksa)
]
, (A.117)
D(n)N+1,core(3, 1) = −ρ
{[
n(n+1)
(ksa)2
− 1
2
]
jn(kda)− 2 kda(ksa)2 j
′
n(kda)
}
, (A.118)
D(n)N+1,core(3, 2) = −ρ
n(n+1)
(ksa)2
[
ksaj
′
n(ksa)− jn(ksa)
]
, (A.119)
D(n)N+1,core(4, 1) = −ρ
1
(ksa)2
[
kda j
′
n(kda)− jn(kda)
]
, (A.120)
D(n)N+1,core(4, 2) = −ρ
{[
n(n+1)− 1
(ksa)2
− 1
2
]
jn(ksa)− 1
ksa
j′n(ksa)
}
. (A.121)
When the inner layer of the coating is a fluid, D(n)N+1,core becomes
D(n)N+1,core(1, 1) = −kda j′n(kda), (A.122)
D(n)N+1,core(1, 2) = −n(n+1)jn(ksa), (A.123)
D(n)N+1,core(2, 1) = −ρ
{[
n(n+1)
(ksa)2
− 1
2
]
jn(kda)− 2 kda(ksa)2 j
′
n(kda)
}
, (A.124)
D(n)N+1,core(2, 2) = −ρ
n(n+1)
(ksa)2
[
ksaj
′
n(ksa)− jn(ksa)
]
, (A.125)
D(n)N+1,core(3, 1) = −ρ
1
(ksa)2
[
kda j
′
n(kda)− jn(kda)
]
, (A.126)
D(n)N+1,core(3, 2) = −ρ
{[
n(n+1)− 1
(ksa)2
− 1
2
]
jn(ksa)− 1
ksa
j′n(ksa)
}
, (A.127)
When both the core and the inner layer of the coating are fluids, D(n)N+1,core reduces
to
D(n)N+1,core(1, 1) = −kda j′n(kda), (A.128)
D(n)N+1,core(2, 1) =
1
2
ρ jn(kda), (A.129)
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Appendix B
Derivation of expressions containing products of
spherical Bessel functions of the first and second kind
In this section, the following identities relating the product of spherical Bessel
function are developed,
jn(z)n′n(z)−j′n(z)nn(z) =
1
z2
, (B.1)
jn(z)n′′n(z)−j′′n(z)nn(z) = −
2
z3
, (B.2)
j′n(z)n
′′
n(z)−j′′n(z)n′n(z) =
1
z2
[
1− n(n+1)
z2
]
, (B.3)
jn(z)n′′′n (z)−j′′′n (z)nn(z) = −
1
z2
[
1− n(n+1)+6
z2
]
, (B.4)
j′n(z)n
′′′
n (z)−j′′′n (z)n′n(z) = −
2
z3
[
1− 2n(n+1)
z2
]
, (B.5)
where jn and nn are the spherical Bessel functions of the first and second kind,
respectively, and the prime denotes the derivative with respect to the argument.
These relationships, which arise from evaluating the cloaking criterion for thin shells
in Sections 4.1.2 and 6.2, serve an important function in simplifying the analytic
formulation for the cloak properties, which are contained within the arguments of
the spherical Bessel functions. Specifically, these identities allow the relationship
between the cloak properties to be converted from a transcendental relationship to
a far simpler algebraic expression.
The derivation of these identities can be formulated by defining the terms
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on the left-hand side of Equations (B.1)–(B.5) as
y1(z) = jn(z)n′n(z)−j′n(z)nn(z), (B.6)
y2(z) = jn(z)n′′n(z)−j′′n(z)nn(z), (B.7)
y3(z) = j′n(z)n
′′
n(z)−j′′n(z)n′n(z), (B.8)
y4(z) = jn(z)n′′′n (z)−j′′′n (z)nn(z), (B.9)
y5(z) = j′n(z)n
′′′
n (z)−j′′′n (z)n′n(z). (B.10)
Differentiation of Equation (B.6) yields
y′1(z) = jn(z)n
′′
n(z)−j′′n(z)nn(z) = y2(z). (B.11)
Recall that jn and nn satisfy Bessel’s equation in spherical coordinates, which
can be expressed as
z2f ′′(z) + 2zf ′(z) +
[
z2 − n(n+1)] f(z) = 0, (B.12)
where f(z) is any function that is a solution to this expression, namely, a spherical
Bessel function. This leads to
f ′′(z) =
1
z2
{[
n(n+1)− z2] f(z)− 2zf ′(z)}, (B.13)
which shows that the second derivative of a spherical Bessel function can be ex-
pressed in terms of the function and first derivative.
Substitution of Equation (B.13) into Equation (B.11) yields
y′1(z) = −
2
z
[
jn(z)n′n(z)−j′n(z)nn(z)
]
= −2
z
y1(z). (B.14)
Equation (B.6) therefore represents a first-order ordinary differential equation, which
yields the general solution
y1(z) =
C
z2
, (B.15)
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where C is a constant of integration. To determine this constant, consider the limit
of y1(z) as z→0. The limiting behavior of jn and nn for small arguments given by
Equations (4.30)–(4.37) yields C=1, and thus
y1(z) = jn(z)n′n(z)−j′n(z)nn(z) =
1
z2
. (B.16)
The solution for y2(z) can be obtained directly from this result. Since y2(z)=y′1(z),
substitution of Equation (B.16) into Equation (B.14) yields
y2(z) = jn(z)n′′n(z)−j′′n(z)nn(z) = −
2
z3
. (B.17)
To evaluate y3(z), Equation (B.13) can be substituted into Equation (B.8), so that
y3(z) =
[
1− n(n+1)
z2
][
jn(z)n′n(z)−j′n(z)nn(z)
]
, (B.18)
which through the use of Equation (B.16) reduces to
y3(z) = j′n(z)n
′′
n(z)−j′′n(z)n′n(z) =
1
z2
[
1− n(n+1)
z2
]
. (B.19)
Before evaluating Equation (B.4) and (B.5), the relationship between the
third derivative of the spherical Bessel function with respect to the argument must
be considered. Differentiation of Equation (B.13) will yield an expression for f ′′′(z),
in terms of f ′′(z), f ′(z) and f(z). Using Equation (B.13) to rewrite f ′′′(z) in terms
of f ′(z) and f(z) only, one obtains
f ′′′n (z) =
1
z3
{
− 4
[
n(n+1)− 1
2
z2
]
fn(z) + (n2+n+6− z2)z f ′n(z)
}
. (B.20)
Using Equation (B.20) combined with the results from Equation (B.16),
Equations (B.9) and (B.10) reduce to the desired form,
y4(z) = jn(z)n′′′n (z)−j′′′n (z)nn(z) = −
1
z2
[
1− n(n+1)+6
z2
]
, (B.21)
y5(z) = j′n(z)n
′′′
n (z)−j′′′n (z)n′n(z) = −
2
z3
[
1− 2n(n+1)
z2
]
. (B.22)
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Appendix C
Verification of results using COMSOL multiphysics
To verify the methods and results developed throughout this thesis, the
COMSOL multiphysics software package was used. Unlike the spherical harmonic
expansions used here, COMSOL uses finite element analysis to solve problems of
arbitrary 2D and 3D geometries. Using the acoustics module in COMSOL version
4.1, a 2D axisymmetric domain was created. Although only a 2D model, this is
identical to the assumption of azimuthal symmetry used to develop the analytic
expressions in Chapter 3.
Figure C.1 shows a comparison between the analytic geometry used in this
thesis, illustrated in (a), and the COMSOL model shown in (b). In both cases, a
time-harmonic incident wave propagating from left to right impinges on the spheri-
cal object. For the analytic examples investigated throughout this work, the object
is surrounded by an unbounded space containing water. Finite domains are required
for finite element analysis, and so the COMSOL model uses a hemispherical bound-
ary with a radiation condition to mimic an unbounded fluid medium, as observed
in Figure C.1(b).
To simulate a time-harmonic plane wave impinging upon the spherical ob-
ject, the spatial distribution of the complex incident pressure field was prescribed
as
pinc = e−ikwx, (C.1)
where kw is the wavenumber in water. In COMSOL, this is accomplished by defin-
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(a) (b)
Figure C.1: (a) A time-harmonic incident plane wave in a fluid medium impinging
on a spherical core of radius a coated in a cloak of radius b, and (b) the equivalent
configuration in COMSOL.
ing a background field in the surrounding water. To provide a comparison with the
analytic models, the scattered farfield pressure is sought as a function of the angle
θ. In COMSOL, these values are obtained by selecting a surface (in the 2D axisym-
metric model these surfaces appear as lines), and calculating the farfield pressure
by numerically evaluating the product rpsc, where r is the radial distance form the
center of the spherical object and psc is the scattered acoustic pressure, in the limit
of r→∞.
In this particular case, the outer perimeter was chosen to evaluate the farfield
scattered pressure in the COMSOL model. At each point on the perimeter evaluated,
the position of this point corresponds to a particular angle θ. For each frequency
analyzed, the values of the farfield scattered pressure at each angle were exported
to compare with the analytic results. One metric which is utilized to compare the
analytic results throughout this thesis is the scattering gain, which is a measure
of the total scattering cross-section of the cloaked object relative to the uncloaked
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object. In the farfield, this expression reduces to
σgain =
pi∫
0
∣∣pcloaksc ∣∣2dθ
pi∫
0
∣∣prefsc ∣∣2 dθ , (C.2)
where pcloaksc and p
cloak
sc are the farfield scattered acoustic pressures in the cloaked
and reference (uncloaked) configurations, respectively.
Although there was excellent agreement with the analytic results illustrated
in Figures 5.9, 6.7 and 6.9, correctly implementing the model in COMSOL required
some non-intuitive steps due to the design of the software. First, by defining a back-
ground field in the surrounding medium, this served as the incident wave. However,
for the case when other fluids are present in the model, the background field in
these layers must be defined using the wavenumber for the surrounding water and
not the wavenumber for the fluid itself. In this configuration, the background field
represents the wave field which would exist if the fluid layer were not there. In ad-
dition, once the correct scattered acoustic pressure field is achieved, it was observed
that the farfield calculation that COMSOL performs only gives the real part of the
pressure. Therefore, to obtain the necessary complex pressure field to solve for the
scattering gain in Equation (C.2), solutions for the ’imaginary’ part of the pressure
field were obtained by introducing a pi/2 phase shift to the background pressure
prescribed in Equation (C.1).
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